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GAUGE GROUPS OF E0-SEMIGROUPS OBTAINED FROM POWERS
WEIGHTS
CHRISTOPHER JANKOWSKI AND DANIEL MARKIEWICZ
Abstract. The gauge group is computed explicitly for a family of E0-semigroups of type II0
arising from the boundary weight double construction introduced earlier by Jankowski. This
family contains many E0-semigroups which are not cocycle cocycle conjugate to any examples
whose gauge groups have been computed earlier. Further results are obtained regarding the
classification up to cocycle conjugacy and up to conjugacy for boundary weight doubles (φ, ν)
in two separate cases: first in the case when φ is unital, invertible and q-pure and ν is any type
II Powers weight, and secondly when φ is a unital q-positive map whose range has dimension
one and ν(A) = (f,Af) for some function f such that (1 − e−x)1/2f(x) ∈ L2(0,∞). All
E0-semigroups in the former case are cocycle conjugate to the one arising simply from ν,
and any two E0-semigroups in the latter case are cocycle conjugate if and only if they are
conjugate.
1. Introduction
An E0-semigroup is a weak-∗ continuous one-parameter semigroup of unital ∗-endomor-
phisms of a von Neumann algebra M . Despite substantial progress in recent years, the classi-
fication theory of E0-semigroups up to cocycle conjugacy, which is the appropriate equivalence
relation in this context, remains incomplete even in the case when M = B(H), the algebra of
all bounded operators acting on a separable Hilbert space H. We recommend the monograph
by Arveson [Arv03] as an excellent introduction to the theory of E0-semigroups.
In this paper we will only consider E0-semigroups acting on B(H) with H separable. We
will say that an E0-semigroup is spatial if it has a unit, which is a strongly continuous one-
parameter semigroup of intertwining isometries. An E0-semigroup is called completely spatial
or type I if it is generated by its units in an appropriate sense. A spatial E0-semigroup which
is not completely spatial is also called type II, and non-spatial E0-semigroups are called type
III. The type of an E0-semigroup is a cocycle conjugacy invariant which turns out to be very
coarse. In the spatial case, Powers [Pow88] suggested a finer invariant called the index, which
counts the relative abundance of units. Arveson [Arv89] provided a different presentation
of the index, proving that it was a well-defined cocycle conjugacy invariant with values in
{0, 1, 2, . . . ,∞}. He also proved that it completely classifies the E0-semigroups of type I.
No similar classification is known for E0-semigroups of either type II or type III. The exis-
tence of such semigroups was established by Powers [Pow87, Pow99], and it was later proved
by Tsirelson [Tsi03] that there are uncountably many non-cocycle conjugate semigroups in
both of those classes. Bhat-Srinivasan [BS05] have further analyzed the examples constructed
by Tsirelson, leading to a better understanding of the resulting semigroups accomplished by
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Izumi [Izu07, Izu09] and Izumi-Srinivasan [IS08] in their study of generalized CCR flows and
their product systems.
A cocycle conjugacy invariant for E0-semigroups which has attracted attention recently is
the gauge group. In the case of an E0-semigroup of type In for n ≥ 1 (the subscript denotes
the index), the gauge group was computed by Arveson [Arv89]: for K a Hilbert space with
dimK = n, the gauge group turns out to be isomorphic as a Polish group to the semidirect
product of the Heisenberg group Hn (homeomorphic to R×K as a topological space) by the
unitary group U(K). In the case when n = 0, the gauge group is R. Further progress was
made with the introduction of new techniques. Powers [Pow03b] introduced a construction
for all spatial E0-semigroups by applying Bhat’s dilation theorem [Bha96] to a particular kind
of semigroup of completely positive maps called CP-flows. Furthermore, Powers proved that
his construction ultimately depends on the choice of a single map, called a boundary weight
map. The boundary weight map is an adaptation of the resolvent approach for semigroups
to the context of CP-flows. Alevras, Powers and Price [APP06] used the CP-flow approach
to describe the gauge group of a large class of E0-semigroups of type II0, namely all such
semigroups arising from boundary weight maps over C. Their description is given with respect
to some parameters, however, which are frequently hard to compute.
Further work has been done in the study of transitivity properties of the action of the
gauge group on the set of units of a spatial E0-semigroup. Transitivity is automatic for E0-
semigroups of type II0, and both transitivity and 2-fold transitivity (transitivity on the set
of pairs of normalized units with fixed covariance) hold for semigroups of type I. Markiewicz
and Powers [MP09] constructed an example of type II1 for which the action need not be
2-fold transitive. Concurrently and independently, Tsirelson [Tsi04] constructed an example
for which the action need not even be transitive.
In this work we study in detail E0-semigroups of type II0 obtained from the boundary weight
double construction introduced by Jankowski [Jan10b]. We obtain three different categories of
results regarding the classification of such E0-semigroups, including the complete and explicit
description of the gauge group of a specific subfamily of semigroups whose elements are not
cocycle conjugate to any of the E0-semigroups studied by Alevras, Powers and Price [APP06].
We now describe the structure and results of the paper. In Section 2, we present the
CP-flows approach of Powers and its application to the construction of E0-semigroups from
boundary weight doubles. A boundary weight double is a pair (φ, ν), where φ : Mn(C) →
Mn(C) is a q-positive map and ν is a Powers weight (see Section 2.3 for precise definitions).
It was proven in [Jan10b] that if φ is unital and ν is a type II Powers weight, then (φ, ν)
induces an E0-semigroup of type II0.
We proceed in Section 3 to discuss a set of results that are frequently needed in the com-
parison theory of CP-flows and in the remainder of the paper. Particular cases of these results
have been used earlier in applications of the CP-flows approach of Powers.
In Section 4, we prove that if φ is unital, invertible and q-pure, and if ν is a type II Powers
weight, then the E0-semigroup induced by (φ, ν) is cocycle conjugate to the E0-semigroup
induced by ν in the sense of [Pow03a]. Under additional restrictive assumptions on ν, this
result was obtained by Jankowski [Jan10b].
We then turn in Section 5 to the classification of E0-semigroups arising from boundary
weight doubles (φ, ν) and (φ′, ν) in the case when φ and φ′ have range rank one, i.e. φ(A) =
ρ(A)I for some state ρ, and in addition ν(B) = (f,Bf) for some function f such that (1 −
e−x)1/2f(x) ∈ L2(0,∞). We prove that (φ, ν) and (φ′, ν) give rise to E0-semigroups which
are cocycle conjugate if and only if, in fact, they are conjugate. This is accomplished as an
application of a general result regarding the unitary equivalence of boundary weight maps
and their corresponding CP-flows.
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Finally, in the last section of the paper, we compute the gauge group of the E0-semigroups
considered in Section 5. Namely, if φ(A) = ρ(A)I for some state ρ of Mn(C) and ν(B) =
(f,Bf) for some function f such that (1 − e−x)1/2f(x) ∈ L2(0,∞), then we prove that the
gauge group of the E0-semigroup arising from (φ, ν) is isomorphic to R× R× (Uρ/T), where
Uρ = {W ∈ U(n) : ρ(WAW
∗) = ρ(A),∀A ∈Mn(C)} and T = {zI ∈ U(n) : z ∈ C, |z| = 1}.
The authors thank Robert Powers for his helpful observations and comments during the
preparation of this article.
2. Preliminaries
2.1. E0-semigroups and CP-flows.
Definition 2.1. Let H be a separable Hilbert space. We say a family α = {αt}t≥0 of normal
completely positive contractions of B(H) into itself is a CP-semigroup acting on B(H) if:
(i) αs ◦ αt = αs+t for all s, t ≥ 0 and α0(A) = A for all A ∈ B(H);
(ii) For each f, g ∈ H and A ∈ B(H), the inner product (f, αt(A)g) is continuous in t;
If αt(I) = I for all t ≥ 0, then α is called a unital CP-semigroup. When α is a unital
CP-semigroup and in addition the map αt is an endomorphism for every t ≥ 0, then α is
called an E0-semigroup.
We have two notions of equivalence for E0-semigroups:
Definition 2.2. An E0-semigroup α acting on B(H1) is conjugate to an E0-semigroup β
acting on B(H2) if there exists a ∗-isomorphism θ from B(H1) onto B(H2) such that θ ◦αt =
βt ◦ θ for all t ≥ 0.
A strongly continuous family of contractions W = {Wt}t≥0 acting on H2 is called a con-
tractive β-cocycle if Wtβt(Ws) = Wt+s for all t, s ≥ 0. A contractive β-cocycle Wt is said to
be a local cocycle if for all A ∈ B(H2) and t ≥ 0, Wtβt(A) = βt(A)Wt.
We say α and β are cocycle conjugate if there exists a unitary β-cocycle {Wt}t≥0 such that
the E0-semigroup acting on B(H2) given by β
′
t(A) =Wtβt(A)W
∗
t for all A ∈ B(H2) and t ≥ 0
is conjugate to α.
The set of all local unitary β-cocycles forms a multiplicative group with respect to the
pointwise operation (W ·W ′)t =WtW
′
t . This is called the gauge group of β which we denote
by G(β).
Let K be a separable Hilbert space. We will always denote by {St}t≥0 the right shift
semigroup onK⊗L2(0,∞) (which we identify with the space ofK-valued measurable functions
on (0,∞) which are square integrable):
(Stf)(x) =
{
f(x− t), x > t;
0, x ≤ t.
Definition 2.3. A CP-semigroup α acting on B(K ⊗ L2(0,∞)) is called a CP-flow over K
if αt(A)St = StA for all A ∈ B(K ⊗ L
2(0,∞)) and t ≥ 0.
When α is both a CP-flow and an E0-semigroup, a contractive α-cocycle {Wt : t ≥ 0} is
called a flow cocycle if WtSt = St for all t ≥ 0. We denote by Gflow(α) the subgroup of G(α)
consisting of all local unitary flow α-cocycles.
We remark that, as a consequence of Theorem 4.61 of [Pow03b] (see also the discussion
preceding Theorem 1.31 in [APP06]), if α is an E0-semigroup of type II0 which is also a
CP-flow, then
G(α) = {eirtCt : r ∈ R, C ∈ Gflow(α)}.
Furthermore, the map (r, C) 7→ (eirtCt)t≥0 denotes a canonical isomorphism from the direct
product R×Gflow(α) onto G(α).
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A dilation of a unital CP-semigroup α acting on B(K) is a pair (αd,W ), where αd is an
E0-semigroup acting on B(H) and W : K → H is an isometry such that α
d
t (WW
∗) ≥ WW ∗
for t > 0 and furthermore
αt(A) =W
∗αdt (WAW
∗)W
for all A ∈ B(K) and t ≥ 0. The dilation is said to be minimal if the span of the vectors
αdt1(WA1W
∗)αdt2(WA2W
∗) · · ·αdtn(WAnW
∗)Wf
for f ∈ K,Ai ∈ B(K), i = 1, . . . n, n ∈ N is dense in H. This definition of minimality is due
to Arveson (see [Arv03] for a detailed discussion regarding dilations of CP-semigroups). We
will often suppress the isometry W , and refer to a minimal dilation αd instead of (αd,W ).
Theorem 2.4 (Bhat’s dilation theorem). Every unital CP-semigroup has a minimal dilation
which is unique up to conjugacy.
The following addendum by Powers (Lemma 4.50 of [Pow03b]) further clarifies the situation
for CP-flows.
Theorem 2.5. Every unital CP-flow α has a minimal dilation αd which is also a CP-flow.
We call αd the minimal flow dilation of the unital CP-flow.
Given two CP-flows α and β over K, we will say that α dominates β or that β is a
subordinate of α if for all t ≥ 0, the map αt − βt is completely positive. We will often denote
this relationship by α ≥ β. Powers [Pow03b] has described a useful criterion for determining
whether two CP-flows have minimal dilations that are cocycle conjugate in terms of the next
definition.
Definition 2.6. Let α and β be CP-flows over K1 and K2, respectively. For j = 1, 2, let
Hj = Kj⊗L
2(0,∞) and let S
(j)
t denote the right shift on Hj. Let γ = {γt : t ≥ 0} be a family
of maps from B(H2,H1) into itself and define for each t > 0, γ
∗
t : B(H1,H2)→ B(H1,H2) by
γ∗t (C) = [γt(C
∗)]∗ for all C ∈ B(H1,H2). We say that γ is a flow corner from α to β if the
maps
Θt
[
A B
C D
]
=
[
αt(A) γt(B)
γ∗t (C) βt(D)
]
define a CP-flow Θ = {Θt : t ≥ 0} over K1 ⊕K2 with respect to the shift S
(1)
t ⊕ S
(2)
t . Note
that γ is a flow corner from α to β if and only if γ∗ is a flow corner from β to α.
A flow corner γ is called a hyper-maximal flow corner if every subordinate CP-flow Θ′ of
Θ of the form
Θ′t
[
A B
C D
]
=
[
α′t(A) γt(B)
γ∗t (C) β
′
t(D)
]
for t ≥ 0 must satisfy α′t = αt and β
′
t = βt for all t ≥ 0.
More generally, if α is a CP-flow over K and n is a positive integer, we say that Θ is a
positive n×n matrix of flow corners from α to α if Θ = (θ(ij)) is a CP-flow over ⊕nj=1K such
that θ(ii) is a subordinate of α for all i = 1, . . . , n.
We also have a notion of n×n matrices of local flow cocycles (Definition 4.58 of [Pow03b]):
Definition 2.7. Suppose α is a CP-flow which is also an E0-semigroup, and let n ∈ N. We
say C is a positive n × n matrix of local flow α-cocycles if the coefficients Cij of C are local
flow αd cocycles for i, j = 1, . . . , n and the matrix C(t) whose entries are Cij(t) is positive for
all t ≥ 0.
The following is a combination of Theorems 4.56 and 4.59 in [Pow03b].
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Theorem 2.8. Suppose α and β are unital CP-flows over K1 and K2, respectively, and let α
d
and βd be corresponding minimal flow dilations. If there exists a hyper-maximal flow corner
from α to β, then αd and βd are cocycle conjugate. Conversely, if αd and βd are cocycle
conjugate and in addition αd is of type II0, then there exists a hyper-maximal flow corner
from α to β.
Furthermore, let (αd,W ) be a minimal flow dilation over H, so that
αt(A) =W
∗αdt (WAW
∗)W
for A ∈ B(K1 ⊗ L
2(0,∞)) and t ≥ 0. Suppose n is a positive integer and suppose that
Θ = (θ(ij)) is a positive n×n matrix of flow corners from α to α. Then there exists a unique
positive n× n matrix C = (Cij) of contractive local flow α
d-cocycles such that
(2.1) θ
(ij)
t (A) =W
∗Cij(t)α
d
t (WAW
∗)W
for all A ∈ B(K1 ⊗ L
2(0,∞)). Conversely, if C = (Cij) is a positive n × n matrix of
contractive local flow αd-cocycles, then the matrix family Θt whose coefficients are given by
(2.1) is a positive n× n matrix of flow corners from α to α.
Theorem 4.60 of [Pow03b] tells us when a given flow corner from α to α corresponds to
unitary local αd-cocycle:
Theorem 2.9. Suppose α is a unital CP-flow over K and let αd be a minimal flow dilation.
Suppose θ is a flow corner from α to α and C is the local contractive flow cocycle for αd
associated with θ. Then C(t) is unitary for all t ≥ 0 if and only if θ is hyper-maximal.
2.2. Boundary weight maps. For the remainder of this section, let K be a fixed separable
Hilbert space (not necessarily infinite-dimensional) and let H = K ⊗ L2(0,∞).
Define Λ : B(K)→ B(H) by
(Λ(A)f)(x) = e−xAf(x)
and let A(H) be the algebra
A(H) = [I − Λ(IK)]
1
2B(H)[I − Λ(IK)]
1
2 .
We will frequently denote by Λ ∈ B(L2(0,∞)) the operator Λ(IC).
Definition 2.10. We say that a linear functional µ : A(H)→ C is a boundary weight, denoted
µ ∈ A(H)∗, if the functional ℓ defined on B(H) by
ℓ(A) = µ
(
[I − Λ(IK)]
1
2A[I − Λ(IK)]
1
2
)
is a normal bounded linear functional. The boundary weight µ is called bounded if there exists
C > 0 such that |µ(T )| ≤ C‖T‖ for all T ∈ A(H). Otherwise, µ is called unbounded.
A linear from B(K)∗ to A(H)∗ will be called a boundary weight map.
Boundary weights were first defined in [Pow03b] (Definition 4.16), where their relationship
to CP-flows was explored in depth. For an additional discussion of boundary weights and
their properties, we refer the reader to Definition 1.10 of [MP09] and its subsequent remarks.
Given a normal map φ : B(H)→ B(K), we will denote by φˆ : B(K)∗ → B(H)∗ the predual
map satisfying ρ(φ(A)) = (φˆ(ρ))(A) for all A ∈ B(H) and ρ ∈ B(K)∗.
Define Γ : B(H)→ B(H) by the weak* integral
(2.2) Γ(A) =
∫ ∞
0
e−tStAS
∗
t dt.
We record in the following proposition facts which are implicit in the proof of Theorem 4.17
in Powers [Pow03b], and we present a proof here for the convenience of the reader.
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Proposition 2.11. Let µ ∈ A(H)∗ be a boundary weight. We have that for all T ∈ A(H),
µ(T ) = lim
x→0+
µ(SxS
∗
xTSxS
∗
x).
In particular µ = µ′ if and only if for all x > 0 and T ∈ SxS
∗
xB(H)SxS
∗
x, we have that
µ(T ) = µ′(T ). Furthermore, given x > 0 and T ∈ SxS
∗
xB(H)SxS
∗
x,
(2.3) µ(T ) = lim
y→x+
1
y − x
Γ̂(µ)
(
T − ex−ySy−xTS
∗
y−x
)
.
Proof. Let µ ∈ A(H)∗ be a boundary weight and let ℓ ∈ B(H)∗ be the normal bounded linear
functional such that for all Z ∈ B(H),
µ((I − Λ(IK))
1/2Z(I − Λ(IK))
1/2) = ℓ(Z).
Given any T ∈ A(H), let Z ∈ B(H) be such that T = (I − Λ(IK))
1/2Z(I − Λ(IK))
1/2. Now
observe that
µ(T ) = ℓ(Z) = lim
x→0+
ℓ(SxS
∗
xZSxS
∗
x) = lim
x→0+
µ
(
(I − Λ(IK))
1/2SxS
∗
xZSxS
∗
x(I − Λ(IK))
1/2
)
= lim
x→0+
µ
(
SxS
∗
x(I − Λ(IK))
1/2Z(I − Λ(IK))
1/2SxS
∗
x
)
= lim
x→0+
µ(SxS
∗
xTSxS
∗
x).
It follows immediately from this identity that two boundary weights µ, µ′ are identical if and
only if for every x > 0 they coincide on the algebra SxS
∗
xB(H)SxS
∗
x.
Let A ∈ B(H) and x > 0. Observe that if (Aλ) is a bounded net of operators in SxB(H)S
∗
x
such that Aλ converges ultra-weakly to SxAS
∗
x, then limλ µ(Aλ) = µ(SxAS
∗
x) (note that
SxB(H)S
∗
x ⊆ A(H)). Indeed, Qx = (I − Λ(IK))
−1/2SxS
∗
x is a bounded operator in B(H)
in the natural sense, hence the net QxAλQ
∗
x is bounded and also converges ultra-weakly to
QxSxAS
∗
xQ
∗
x. Therefore,
(2.4) µ(SxAS
∗
x) = ℓ(QxSxAS
∗
xQ
∗
x) = lim
λ
ℓ(QxAλQ
∗
x) = lim
λ
µ(Aλ).
Let x > 0 be fixed. A straightforward computation shows that for every A ∈ B(H), y > x,
Γ
(
e−xSxAS
∗
x − e
−ySyAS
∗
y
)
=
∫ y
x
e−tStAS
∗
t dt.
The operator on the right obviously belongs to SxB(H)S
∗
x for y > x. Furthermore, It is clear
that
Ay =
1
y − x
∫ y
x
e−tStAS
∗
t dt
is a bounded net of operators that converges ultra-weakly to e−xSxAS
∗
x as y → x. Thus for
any boundary weight µ, it follows from (2.4) that
µ(e−xSxAS
∗
x) = limy→x+
µ
(
1
y − x
∫ y
x
e−tStAS
∗
t dt
)
= lim
y→x+
1
y − x
Γ̂(µ)
(
e−xSxAS
∗
x − e
−ySyAS
∗
y
)
.
Finally, we observe that for every T ∈ SxS
∗
xB(H)SxS
∗
x, we have that T = SxAS
∗
x for the
operator A = S∗xTSx, hence we obtain equation (2.3) by substitution. 
If α is a CP-flow over K, we define its resolvent by the weak* integral
(2.5) Rα(A) =
∫ ∞
0
e−tαt(A)dt
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defined for A ∈ B(H). Powers [Pow03b] proved that there exists a completely positive
boundary weight map ω : B(K)∗ → A(H)∗ such that
(2.6) Rˆα(η) = Γˆ(ω(Λˆη) + η)
and ω(ρ)(I − Λ(IK)) ≤ ρ(IK) for all ρ ∈ B(K)∗ positive. Such a boundary weight map
is uniquely determined by (2.6) in combination with Proposition 2.11, and in fact for all
ρ ∈ B(K)∗, x > 0 and T ∈ SxS
∗
xB(H)SxS
∗
x,
(2.7) ω(ρ)(T ) = lim
y→x+
1
y − x
(R̂α − Γ̂)(η)(T − e
x−ySy−xTS
∗
y−x),
where η ∈ B(H)∗ is any normal functional such that ρ = Λ̂(η). Such a functional exists since
Λ is isometric hence Λ̂ is onto.
The map ω is called the boundary weight map associated to α.
The following result, which is a compilation of Theorems 4.17, 4.23, and 4.27 of [Pow03b],
describes the converse relationship between boundary weight maps and CP-flows.
Theorem 2.12. Let ω : B(K)∗ → A(H)∗ be a completely positive map satisfying ω(ρ)(I −
Λ(IK)) ≤ ρ(IK) for all positive ρ. Let {St}t≥0 be the right shift semigroup acting on H. For
each t > 0, define the truncated boundary weight map ωt : B(K)∗ → B(H)∗ by
ωt(ρ)(A) = ω(ρ)(StS
∗
tAStS
∗
t )
If for every t > 0, the map (I + Λˆωt) is invertible and furthermore the map
πˆt := ωt(I + Λˆωt)
−1
is a completely positive contraction from B(K)∗ into B(H)∗, then ω is the boundary weight
map associated to a CP-flow over K. The CP-flow is unital if and only if ω(ρ)(I −Λ(IK)) =
ρ(IK) for all ρ ∈ B(K)∗.
We note that it follows immediately from Proposition 2.11 that if ω, ω′ are two boundary
weight maps from B(K)∗ to A(H)∗, then ω = ω
′ if and only if ωt = ω
′
t for all t > 0.
Definition 2.13. Let ω : B(K)∗ → A(H)∗ be a completely positive boundary weight map
satisfying ω(ρ)(I − Λ(IK)) ≤ ρ(IK) for all positive ρ. If for every t > 0 the map πˆt as
defined in the statement of Theorem 2.12 exists and it is a completely positive contraction,
then ω is called a q-positive boundary weight map. In that case, the family πt (for t > 0)
of completely positive normal contractions from B(H) to B(K) is called the generalized
boundary representation associated to ω, or alternatively to the CP-flow associated to ω.
In the next result proven by Powers [Pow03b] we recall the criterion for subordination in
terms of the generalized boundary representation.
Theorem 2.14. Let α and α′ be CP-flows acting on B(H) with generalized boundary repre-
sentations πt and π
′
t, respectively. Then α ≥ α
′ if and only if πt − π
′
t is completely positive
for all t > 0. In particular, if πt = π
′
t for all t > 0, then α = α
′.
2.3. Powers weights and boundary weight doubles. A boundary weight map ω : B(C)∗ →
A(L2(0,∞)) is determined by its value ω1 := ω(1), and it induces a CP-flow α over C if and
only ω1 is a positive boundary weight and ω1(I−Λ) ≤ 1. In that case, the CP-flow α is unital
if and only if ω1(I − Λ) = 1, and therefore dilates to an E0-semigroup α
d.
Since all the key properties of ω are determined by the single boundary weight ω1 in the
special case K = C, we will write ω instead of ω1.
Results from [Pow03b] show that αd is of type I if ω1 is bounded and of type II0 if ω1 is
unbounded. Thus we are led to the following definition.
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Definition 2.15. A boundary weight ν ∈ A(L2(0,∞))∗ is called a Powers weight if ν is
positive and ν(I − Λ) = 1. We say that a Powers weight ν is type I if it is bounded and type
II if it is unbounded.
If ν is a Powers weight, then it has the form:
ν
(
(I − Λ)
1
2A(I − Λ)
1
2
)
=
k∑
i=1
(fi, Afi)
for some mutually orthogonal nonzero L2-functions {fi}
k
i=1 (k ∈ N∪{∞}) with
∑k
i=1 ||fi||
2 =
1.
We note that if ν is a type II Powers weight, then for the weights νt defined by νt(A) =
ν(StS
∗
tAStS
∗
t ) for A ∈ B(L
2(0,∞)) and t > 0, both νt(I) and νt(Λ) approach infinity as
t→ 0+.
Powers [Pow03a] has described a useful criterion to determine when Powers weights induce
cocycle conjugate E0-semigroups.
Definition 2.16. Let ν, η ∈ A(L2(0,∞))∗ be positive boundary weights. We say that ν
q-dominates η (or that η is q-subordinate to ν), and write ν ≥q η, if
νt
1 + νt(Λ)
−
ηt
1 + ηt(Λ)
is a positive element of B(L2(0,∞))∗ for every t > 0.
Suppose that ν and η are Powers weights. We say that γ ∈ A(L2(0,∞))∗ is a corner from
ν to η if the map from M2(A(L
2(0,∞))) to M2(C) given by
(Aij) 7→
(
ν(A11) γ(A12)
γ∗(A21) η(A22)
)
is completely positive. We say that γ is a q-corner from ν to η if for every t > 0 the map
from M2(A(L
2(0,∞))) to M2(C) given by
(Aij) 7→

νt(A11)
1 + νt(Λ)
γt(A12)
1 + γt(Λ)
γ∗t (A21)
1 + γ∗t (Λ)
ηt(A22)
1 + ηt(Λ)

is completely positive.
A q-corner γ is a hyper-maximal q-corner from ν to η if, whenever ν ′ and η′ are q-
subordinates of ν and η such that the map
(Aij) 7→

ν ′t(A11)
1 + ν ′t(Λ)
γt(A12)
1 + γt(Λ)
γ∗t (A21)
1 + γ∗t (Λ)
η′t(A22)
1 + η′t(Λ)

is completely positive for each t > 0, we have η = η′ and ν = ν ′.
If ν and η are type II Powers weights which induce CP-flows α and β, respectively, then
there is a bijective correspondence between hyper-maximal q-corners from ν to η and hyper-
maximal flow corners from α to β (see the discussion preceding Theorem 1.30 of [APP06]),
whereby Theorem 2.8 implies the following.
Theorem 2.17. Let ν and η be type II Powers weights with corresponding CP-flows α and
β, respectively. Then αd and βd are cocycle conjugate if and only if there is a hyper-maximal
q-corner from ν to η.
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The following theorem describes the set of q-corners from a type II Powers weight ν to itself
(see Definition 2.12 (b) of [APP06] and its subsequent discussion):
Theorem 2.18. Let ν be a type II Powers weight, and let T be the trace density operator
associated to ν in the sense that
ν
(
(I − Λ)
1
2A(I − Λ)
1
2
)
= tr(AT )
for all A ∈ B(L2(0,∞)). Let M be the closure of the range of T . For every contraction
X ∈ B(M), let κ(X) ∈ [0,∞] be given by
κ(X) = sup{Re(tr(Λ(I − Λ)−1StS
∗
t T
1
2 (I −X)T
1
2 )) : t > 0}
Then for every X ∈ B(M) such that κ(X) <∞ and x ∈ C such that Re(x) ≥ κ(X), the map
γ(x,X)
(
(I − Λ)
1
2A(I − Λ)
1
2
)
=
1
1 + x
tr(AT
1
2XT
1
2 )
constitutes a q-corner from ν to ν. Conversely, if γ is a q-corner from ν to ν, there exists a
unique pair (x,X) such that X ∈ B(M) satisfies κ(X) <∞ and x ∈ C satisfies Re(x) ≥ κ(X)
such that γ = γ(x,X).
Furthermore, a q-corner γ(x,X) is hyper-maximal if and only if Re(x) = κ(X) and X is
unitary.
Remark 2.19. Setting X = IM, we observe that κ(IM) = 0, so if Re(x) ≥ 0, then the pair
(x, IM) satisfies the conditions of the theorem. In other words, if Re(x) ≥ 0, then
1
1+xν is a
q-corner from ν to ν, and it is hyper-maximal if and only if Re(x) = 0.
We will be interested in combining Powers weights with the completely positive maps on
matrices of the following type to obtain E0-semigroups.
Definition 2.20. Let K be a separable Hilbert space. Let φ : B(K)→ B(K) be a bounded
normal linear map with spectrum contained in C \ {λ : λ < 0}. We say φ is q-positive, and
write φ ≥q 0, if φ(I + tφ)
−1 is completely positive for all t ≥ 0.
We make two observations in light of Definition 2.20. First, it is not uncommon for a
completely positive map to have negative eigenvalues. Second, there is no “slowest rate
of failure” for q-positivity: For every s ≥ 0, there exists a linear map φ with no negative
eigenvalues such that φ(I + tφ)−1 (t ≥ 0) is completely positive if and only if t ≤ s. These
observations are discussed in detail in section 2.1 of [Jan10c].
There is a natural order structure for q-positive maps. If φ,ψ : B(K) → B(K) are q-
positive, we say φ q-dominates ψ (i.e. φ ≥q ψ) if φ(I + tφ)
−1 − ψ(I + tψ)−1 is completely
positive for all t ≥ 0. It is not always true that φ ≥q λφ if λ ∈ (0, 1) (for a large family of
counterexamples, see Theorem 2.28 below). However, if φ is q-positive, then for every s ≥ 0,
we have φ ≥q φ(I + sφ)
−1 ≥q 0 (Proposition 4.1 of [Jan10b]). If these are the only nonzero
q-subordinates of φ, we say φ is q-pure.
In this paper we will restrict our attention to unital q-positive maps over B(K) for K
finite-dimensional, and we will approach the case dimK =∞ in the future.
We have the following result which combines Proposition 3.2 and Corollary 3.3 of [Jan10b].
Proposition 2.21. Let H = Cn ⊗ L2(0,∞). Let φ : Mn(C) → Mn(C) be a unital q-positive
map, and let ν be a type II Powers weight. Let Ων : A(H) → Mn(C) be the map that
sends A = (Aij) ∈ Mn(A(L
2(0,∞))) ∼= A(H) to the matrix (ν(Aij)) ∈ Mn(C). The map
ω :Mn(C)∗ → A(H)∗ defined by
ω(ρ)(A) = ρ
(
φ(Ων(A))
)
, ∀A ∈ A(H),∀ρ ∈ B(K)∗
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is the boundary weight map of a unital CP-flow α over Cn whose minimal flow dilation αd is
an E0-semigroup of type II0. Furthermore, the generalized boundary representation πt for α
satisfies
πt(B) = φ(I + νt(Λ)φ)
−1(Ωνt(B))
for all t > 0 and B ∈ B(H).
In the above proposition, we used the canonical identification B(H) ≃ Mn(B(L
2(0,∞))).
Under this identification, the map Λ(ICn) (i.e. IB(Cn) ⊗ Λ(IC)) given by multiplication by
e−x in Cn ⊗ L2(0,∞) can be simply denoted by the diagonal matrix in Mn(B(L
2(0,∞)))
whose ii entry is Λ = Λ(IC) for each i = 1, . . . , n. Thus one sees that A(C
n ⊗ L2(0,∞))
is also canonically isomorphic to Mn(A(L
2(0,∞))). We note that in tensor notation, the
map Ων defined in Proposition 2.21 is the map IB(Cn) ⊗ ν from Mn(C) ⊗ A(L
2(0,∞)) =
A(Cn ⊗ L2(0,∞)) to Mn(C).
Definition 2.22. A boundary weight double is a pair (φ, ν) where φ : Mn(C) → Mn(C) is a
unital q-positive map and ν is a Powers weight. In the notation of the previous proposition,
we call αd the E0-semigroup induced by the boundary weight double (φ, ν).
Motivated by the results and terminology of [Pow03b] and [Pow03a], we define corners,
q-corners, and hyper-maximal q-corners in an analogous context (Definitions 3.4 and 4.4 of
[Jan10b]):
Definition 2.23. Suppose φ : B(K1) → B(K1) and ψ : B(K2) → B(K2) are normal com-
pletely positive maps. Write each A ∈ B(K1 ⊕K2) as A = (Aij), where Aij ∈ B(Kj,Ki) for
each i, j = 1, 2. We say a linear map γ : B(K2,K1) → B(K2,K1) is a corner from α to β if
Θ : B(K1 ⊕K2)→ B(K1 ⊕K2) defined by
Θ
(
A11 A12
A21 A22
)
=
(
φ(A11) γ(A12)
γ∗(A21) ψ(A22)
)
is normal and completely positive.
We say that γ is a q-corner from φ to ψ if Θ ≥q 0. A q-corner γ is hyper-maximal if,
whenever
Θ ≥q
(
φ′ γ
γ∗ ψ′
)
≥q 0,
we have φ = φ′ and ψ = ψ′.
Hyper-maximal q-corners between unital q-positive maps φ and ψ allow us to compare the
E0-semigroups induced by (φ, ν) and (ψ, ν) if ν is a particular kind of type II Powers weight
(Proposition 4.6 of [Jan10b]).
Proposition 2.24. Let φ : Mn(C) → Mn(C) and ψ : Mk(C) → Mk(C) be unital q-positive
maps, and let ν be a type II Powers weight of the form
ν
(
(I − Λ)
1
2B(I − Λ)
1
2
)
= (f,Bf)
where f ∈ L2(0,∞) is a unit vector. The boundary weight doubles (φ, ν) and (ψ, ν) induce
cocycle conjugate E0-semigroups if and only if there is a hyper-maximal q-corner from φ to
ψ.
If φ : Mn(C) → Mn(C) is a unital q-positive map and U ∈ Mn(C) is any unitary ma-
trix, then the map φU (A) := U
∗φ(UAU∗)U is also unital and q-positive (Proposition 4.5 of
[Jan10b]). We have the following definition from [Jan10c].
Definition 2.25. Let φ,ψ : Mn(C) → Mn(C) be q-positive maps. We say φ is conjugate to
ψ if ψ = φU for some unitary U ∈Mn(C).
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If φ :Mn(C)→Mn(C) is unital and q-positive, then the map γ : Mn(C)→Mn(C) defined
by γ(A) = φ(AU∗)U is a hyper-maximal q-corner from φ to φU (for details, see the discussion
before Proposition 2.11 of [Jan10c]). Applying Proposition 2.24 gives us:
Proposition 2.26. Let φ : Mn(C) → Mn(C) be unital and q-positive, and suppose ψ is
conjugate to φ. If ν is a type II Powers weight of the form
ν
(
(I − Λ)
1
2B(I − Λ)
1
2
)
= (f,Bf),
then (φ, ν) and (ψ, ν) induce cocycle conjugate E0-semigroups.
We will generalize Proposition 2.26 substantially in Section 3, finding that if ν is an arbitrary
type II Powers weight and φ and ψ are conjugate unital q-positive maps, then (φ, ν) and (ψ, ν)
induce conjugate E0-semigroups (Theorem 5.2 and Corollary 5.3).
Several cocycle conjugacy results for E0-semigroups have been obtained through the use of
Proposition 2.24. For example, we have the following (see Proposition 3.3 and Theorem 3.8
of [Jan10a]).
Theorem 2.27. A unital rank one linear map φ : Mn(C)→Mn(C) is q-positive if and only
if φ(A) = ρ(A)I where ρ is a state, and φ is q-pure if and only if in addition ρ is faithful.
Let φ : Mn(C) → Mn(C) and ψ : Mn′(C) → Mn′(C) be rank one unital q-positive maps,
and let ν be a type II Powers weight of the form
ν
(
(I − Λ)
1
2B(I − Λ)
1
2
)
= (f,Bf).
Then the E0-semigroups induced by (φ, ν) and (ψ, ν) are cocycle conjugate if and only if φ
and ψ are conjugate.
Furthermore, if the support projection P of ρ satisfies rankP > 1 and µ is any Powers
weight, then the E0-semigroups induced by (φ, ν) and µ are not cocycle conjugate.
Theorem 2.27 shows that rank one q-positive maps are extremely fruitful in constructing
non-cocycle conjugate E0-semigroups using boundary weight doubles. In section 3, we will
extend Theorem 2.27 to a conjugacy result (Theorem 5.4).
In [Jan10b], a necessary and sufficient condition was found for a unital invertible map to be
q-positive (see section 2.2 and Proposition 6.1 of [Jan10b]), and the invertible unital q-pure
maps were entirely classified up to conjugacy (Theorem 6.11 of [Jan10b]). In contrast to the
rank one case, boundary weight doubles that combine unital invertible q-pure maps with type
II Powers weights of the form ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf) all induce cocycle conjugate
E0-semigroups:
Theorem 2.28. An invertible unital linear map ψ : Mn(C) → Mn(C) is q-pure if and only
if it is conjugate to a Schur map φ that satisfies
φ(ajkejk) =

ajk
1 + i(λj − λk)
ejk if j < k
ajkejk if j = k
ajk
1− i(λj − λk)
ejk if j > k
for all j, k = 1, . . . , n and all A =
∑
aijeij ∈Mn(C), where λ1, . . . , λn ∈ R and
∑n
j=1 λj = 0.
If ν is a type II Powers weight of the form ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf), then the
E0-semigroup induced by (ψ, ν) is cocycle conjugate to the E0-semigroup induced by (ıC, ν)
for ıC the identity map on C.
We will show that the conclusion of this theorem holds if ν is an arbitrary type II Powers
weight (Theorem 4.2).
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3. Generalized Schur maps
Recall that a map φ : Mn(C) → Mn(C) is said to be a Schur map if there exists a matrix
Q = (qij) ∈Mn(C) such that
φ
(
(xij)
)
= (qijxij)
In this section we consider a slight generalization of Schur maps and their relationship to
corners between CP-flows and other maps, encapsulating results that are frequently needed
in the comparison theory of CP-flows and in the remainder of the paper.
Powers has defined a related concept of Schur diagonal boundary weight maps (see Defi-
nition 4.31 of [Pow03b]), which is a special case of generalized Schur maps as defined below.
A boundary weight map ω : B(Cn)∗ → A(C
n ⊗ L2(0,∞))∗ is Schur diagonal in the sense
of Powers if and only if it is a generalized Schur map with respect to the decompositions
C⊕C⊕· · ·⊕C and L2(0,∞)⊕L2(0,∞)⊕· · ·⊕L2(0,∞) according to the following definition.
For each i = 1, 2, . . . , n, let Ki and Hi be Hilbert spaces, and let K =
⊕n
i=1Ki and
H =
⊕n
i=1Hi. Let for i = 1, . . . , n, Vi : Ki → K and Wi : Hi → H be the canonical
isometries. Given operators A ∈ B(K) and B ∈ B(H), and for i, j = 1, 2, . . . , n given
operators X ∈ B(Kj,Ki), Z ∈ B(Hj,Hi), we define
Aij = V
∗
i AVj ∈ B(Kj ,Ki) X
ij = ViXV
∗
j ∈ B(K)
Bij =W
∗
i BWj ∈ B(Hj,Hi) Z
ij =WiZW
∗
j ∈ B(H)
In particular,
(Xij)rs = δirδjsX.
Given a subalgebra A of B(H), and for each i, j = 1, 2, . . . , n, let Aij = W
∗
i AWj . Suppose
that for all i, j = 1, 2, . . . , n,
(3.1) WiAijW
∗
j ⊆ A.
Given a linear map φ : A → B(K), for each i, j = 1, 2, . . . , n we define the linear map
φij : Aij → B(Kj ,Ki) given by
φij(X) = [φ(X
ij)]ij
We say that φ is a generalized Schur map with respect to the decompositions
⊕n
i=1Ki and⊕n
i=1Hi if for all A ∈ A,
[φ(A)]ij = φij(Aij).
In particular, if φ is a generalized Schur map and if X ∈ B(Kj,Ki), then
φ(Xij) = [φij(X)]
ij .
A similar definition applies to maps from B(K)∗ to the algebraic dual A
′. If ρ ∈ B(K)∗
and η ∈ A′, we define for each i, j = 1, 2, . . . , n the linear functionals ρij ∈ B(Kj ,Ki)
′ and
ηij ∈ A
′
ij given by
ρij(X) = ρ(X
ij), ηij(Z) = η(Z
ij),
for all X ∈ B(Kj ,Ki) and Z ∈ Aij . For each µ ∈ B(Kj ,Ki)
′, we define µij ∈ B(K)′ given by
µij(A) = µ(Aij).
Given a map Ψ : B(K)∗ → A
′ and i, j = 1, 2, . . . , n, we define Ψij : B(Kj ,Ki)
′ → A′ij by
Ψij(µ) = [Ψ(µ
ij)]ij .
We say that Ψ : B(K)∗ → A
′ is a generalized Schur map with respect to the decompositions⊕n
i=1Ki and
⊕n
i=1Hi if
[Ψ(ρ)]ij = Ψij(ρij).
We observe that if Ψ is a generalized Schur map and ρ ∈ B(K)∗, then Ψ([ρij ]
ij) = [Ψij(ρij)]
ij .
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If φ : B(H) → B(K) is a normal generalized Schur map, then it follows that φ̂ is also a
generalized Schur map: given i, j = 1, 2, . . . , n, X ∈ B(Kj,Ki) and ρ ∈ B(K)∗,
[φ̂(ρ)]ij(X) = φ̂(ρ)(X
ij) = ρ(φ(Xij)) = ρ([φij(X)]
ij) = ρij(φij(X))
= ρij([φ(X
ij)]ij) = [ρij]
ij(φ(Xij)) = φ̂([ρij ]
ij)(Xij) = [φ̂([ρij ]
ij)]ij(X)
= [φ̂]ij(ρij)(X)
Analogously, if φ : B(H) → B(K) is a normal map such that φ̂ is a generalized Schur map,
then φ itself is also a generalized Schur map.
The following statement will be employed in the subsequent proposition. It refers to an
elementary fact about completely positive maps on C∗-algebras, and we include a proof for
convenience.
Lemma 3.1. Let A,B be unital C∗-algebras and let φ : A → B be a contractive completely
positive map. Suppose that {ei : i = 1, . . . , n} and {fj : j = 1, . . . , n} are families of mutually
orthogonal projections summing up to the identity in A and B, respectively. If for all i 6= j,
fiφ(ej)fi = 0
then for all i, j, and a ∈ A,
fiφ(eiaej)fj = φ(eiaej) = fiφ(a)fj .
Proof. Observe that for i 6= j,
fiφ(ej)
∗φ(ej)fi ≤ fiφ(e
∗
jej)fi = 0
since φ is a completely positive contraction. Hence φ(ej)fi = 0, and by taking adjoints,
fiφ(ej) = 0 for all i 6= j. Since
∑n
j=1 fj = 1, we have that
φ(ej) = fjφ(ej)fj ≤ fj
Let a be a positive contraction in A. We have that for all i, j, and a ∈ A a contraction,
[φ(eiaej)]
∗[φ(eiaej)] ≤ φ(eja
∗ei)φ(eiaej)
≤ φ(eja
∗eieiaej) ≤ φ(ej) ≤ fj
Now observe that if c ∈ A and c∗c ≤ fj, then (1 − fj)c
∗c(1 − fj) = 0 hence cfj = c. Thus
we have that φ(eiaej) = φ(eiaej)fj . Thus we conclude by taking adjoints and reapplying the
identity that for all i, j, for all contractions a ∈ A,
fiφ(eiaej)fj = φ(eiaej).
Thus
fiφ(a)fj = fi
 n∑
r,s=1
φ(eraes)
 fj = fi
 n∑
r,s=1
frφ(eraes)fs
 fj = fiφ(eiaej)fj.
The lemma now follows by linearity. 
Proposition 3.2. For each i = 1, . . . , n, let Ki be a separable Hilbert space, and let Hi =
Ki ⊗ L
2(0,∞). Define K =
⊕n
i=1Ki and H =
⊕n
i=1Hi = K ⊗ L
2(0,∞). Suppose that α is
a CP flow over K with boundary weight map ω : B(K)∗ → A(H)∗ and generalized boundary
representation πt for t > 0. Then αt is a generalized Schur map with respect to
⊕n
i=1Hi for
every t > 0 if and only if ω as well as ωt and πt are generalized Schur maps with respect to⊕n
i=1Ki and
⊕n
i=1Hi for every t > 0.
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Proof. We will make use of the notation introduced in the definition of generalized Schur
maps. Denote by S
(i)
t the right shift semigroup on Hi, for i = 1, 2 and let St = S
(1)
t ⊕ S
(2)
t
be the right shift semigroup on H. We remark that the null boundary algebra A(H) satisfies
the property (3.1), because Λ(IK) =
⊕n
i=1Λ(IKi). Thus it makes sense to claim that ω is a
generalized Schur map with respect to
⊕n
i=1Ki and
⊕n
i=1Hi.
Let Γ be the map defined by (2.2). It is easy to check that Γ is a generalized Schur map on
B(H) with respect to
⊕n
i=1Hi, hence Γ̂ is a generalized Schur maps on B(H)∗ with respect
to
⊕n
i=1Hi. Similarly, Λ : B(K)→ B(H) and Λ̂ are generalized Schur maps with respect to
the decompositions
⊕n
i=1Ki and
⊕n
i=1Hi.
Suppose that αt is a generalized Schur map for every t > 0, and let Rα be its resolvent
defined by (2.5). It is clear that Rα and R̂α are generalized Schur maps with respect to⊕n
i=1Hi. Let ρ ∈ B(K)∗ be fixed, and let η ∈ B(H)∗ be any normal functional such that
ρ = Λ̂(η), and therefore ρij = Λ̂ij(ηij). Then by (2.7), we have that for all x > 0 and
T ∈ S
(i)
x S
(i)
x
∗
B(H)S
(j)
x S
(j)
x
∗
, and for all i, j = 1, 2, . . . , n,
[ω(ρ)]ij (T ) = ω(ρ)(T
ij) = lim
y→x+
1
y − x
(R̂α − Γ̂)(η)(T
ij − ex−ySy−xT
ijS∗y−x)
= lim
y→x+
1
y − x
(R̂α − Γ̂)ij(ηij)(T − e
x−yS
(i)
y−xTS
(j)∗
y−x)
= lim
y→x+
1
y − x
[
(R̂α − Γ̂)([ηij ]
ij)
]
ij
(T − ex−yS
(i)
y−xTS
(j)∗
y−x)
= lim
y→x+
1
y − x
(R̂α − Γ̂)([ηij ]
ij)(T ij − ex−ySy−xT
ijS∗y−x)
= ω([ρij ]
ij)(T ij) = ωij(ρij)(T ).(3.2)
If A ∈ Aij , then for the operators {Ax}x>0 defined by Ax = S
(i)
x S
(i)
x
∗
AS
(j)
x S
(j)
x
∗
, we have
Aijx = SxS
∗
xA
ijSxS
∗
x, so using equation (3.2) and the fact that ω(ρ) ∈ A(H)∗ since ρ ∈ B(K)∗,
we obtain by Proposition 2.11 that
[ω(ρ)]ij(A) = ω(ρ)(A
ij) = lim
x→0+
ω(ρ)(Aijx ) = lim
x→0+
ω([ρij ]
ij)(Aijx ) = ω([ρij ]
ij)(Aij)
= ωij(ρij)(A).
Thus we have shown that [ω(ρ)]ij = ωij(ρij), hence ω is a generalized Schur map with respect
to the decompositions
⊕n
i=1Ki and
⊕n
i=1Hi. It follows immediately that for every t > 0, ωt
is also a generalized Schur map with respect to the decompositions
⊕n
i=1Ki and
⊕n
i=1Hi.
For each t > 0, by Theorem 2.12, πˆt = ωt(I+Λˆωt)
−1. A simple computation shows that the
inverse of a generalized Schur map is also a generalized Schur map (with respect the reverse
decompositions), whereby it follows from the previous paragraph that π̂t is a generalized Schur
map with respect to the decompositions
⊕n
i=1Ki and
⊕n
i=1Hi. Therefore, by the observation
preceding Lemma 3.1, πt is a generalized Schur map for every t > 0.
Conversely, suppose that ω is a generalized Schur map. It follows trivially that ωt is a
generalized Schur map for every t > 0, and the argument given in the previous paragraph
shows that πt is a generalized Schur map for every t > 0. By equation (2.6), R̂α is the
composition of generalized Schur maps with respect to the decomposition
⊕n
i=1Hi and is
thus a generalized Schur map, hence Rα is a generalized Schur map with respect to the
decomposition
⊕n
i=1Hi. For each i = 1, . . . , n, let Wi : Hi → H be the canonical isometric
embedding and let Ei = WiW
∗
i ∈ B(H) be the projection onto the subspace of H associated
to Hi. If i, j ∈ {1, . . . , n} and i 6= j, then (Ei)jj = W
∗
j EiWj = W
∗
j EjEiEjWj = 0, and from
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equation (2.6) and the fact that Rα is a generalized Schur map, it follows that
0 = (Rα)jj
(
(Ei)jj
)
=
[
Rα(Ei)
]
jj
=
[ ∫ ∞
0
e−tαt(Ei)dt
]
jj
=
∫ ∞
0
e−t[αt(Ei)]jjdt.
Since [αt(Ei)]jj = W
∗
j αt(Ei)Wj is a positive operator in B(Hj) for every t ≥ 0, the above
equation implies that [αt(Ei)]jj = 0 for every t ≥ 0. Now let t ≥ 0 be fixed. Note that
EiAEj = (Aij)
ij for all A ∈ B(H), so
(3.3) Ejαt(Ei)Ej =
(
[αt(Ei)]jj
)jj
= 0
whenever i 6= j. Note that the projections E1, . . . , En are mutually orthogonal and sum to
I. Therefore, by Lemma 3.1 and equation (3.3) we have Eiαt(A)Ej = Eiαt(EiAEj)Ej for all
A ∈ B(H) and i, j = 1, . . . n, so(
[αt(A)]ij
)ij
= Eiαt(A)Ej = Eiαt(EiAEj)Ej = Ei
(
αt[(Aij)
ij ]
)
Ej =
[
(αt)ij(Aij)
]ij
,
hence [αt(A)]ij = (αt)ij(Aij). 
The following proposition will be useful in analyzing flow corners:
Proposition 3.3. For each i = 1, . . . , n, let Ki be a separable Hilbert space, and let Hi =
Ki⊗L
2(0,∞). Define K =
⊕n
i=1Ki and H =
⊕n
i=1Hi = K ⊗L
2(0,∞). Let ϑ and ϑ′ be CP
flows over K with boundary weight maps ω and ω′, and generalized boundary representations
πt and π
′
t. Suppose that ϑt and ϑ
′
t are generalized Schur maps for every t > 0, and let
i, j ∈ {1, . . . , n}. Then [ϑt]ij = [ϑ
′
t]ij for all t > 0 if and only if, for every ρ ∈ B(K)∗,
A ∈ B(H), and t > 0,
[ω(ρ)]ij = [ω
′(ρ)]ij , [πt(A)]ij = [π
′
t(A)]ij .
Proof. Suppose that for some i and j we have [ϑt]ij = [ϑ
′
t]ij for all t ≥ 0. It clearly follows
that [Rϑ]ij = [Rϑ′ ]ij . Let ρ ∈ B(K)∗ be arbitrary and let η ∈ B(H)∗ be such that ρ = Λ̂η. It
follows from equation (3.2) that for all x > 0 and T ∈ S
(i)
x S
(i)
x
∗
B(H)S
(j)
x S
(j)
x
∗
,
[ω(ρ)]ij (T ) = limy→x+
1
y − x
(R̂ϑ − Γ̂)([ηij ]
ij)(T ij − ex−ySy−xT
ijS∗y−x)
= lim
y→x+
1
y − x
ηij
(
(Rϑ − Γ)ij(T
ij − ex−ySy−xT
ijS∗y−x)ij
)
= lim
y→x+
1
y − x
ηij
(
(Rϑ′ − Γ)ij(T
ij − ex−ySy−xT
ijS∗y−x)ij
)
= lim
y→x+
1
y − x
(R̂ϑ′ − Γ̂)([ηij ]
ij)(T ij − ex−ySy−xT
ijS∗y−x)
=
[
ω′(ρ)
]
ij
(T ),
hence [ω(ρ)]ij = [ω
′(ρ)]ij by Proposition 2.11.
It follows by a simple computation that for all t > 0, [ωt(ρ)]ij = [ω
′
t(ρ)]ij . Now observe
that for all t > 0, π̂t = ωt(I + Λˆωt)
−1, hence for all ρ ∈ B(K)∗, [π̂t(ρ)]ij = [π̂
′
t(ρ)]ij . Thus for
all t > 0, ρ ∈ B(K)∗ and A ∈ B(H),
ρ
(
([πt(A)]ij)
ij
)
= (ρij)
ij(πt(A)) = π̂t((ρij)
ij)(A)
= π̂′t((ρij)
ij)(A) = ρ
(
([π′t(A)]ij)
ij
)
.
Hence ([πt(A)]ij)
ij = ([π′t(A)]ij)
ij , from which the desired identity follows.
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Conversely, suppose that for some i, j ∈ {1, . . . , n}, we have [ω(ρ)]ij = [ω
′(ρ)]ij for all
ρ ∈ B(K)∗. The argument from the previous paragraph shows that [πt(A)]ij = [π
′
t(A)]ij for
all A ∈ B(H) and t > 0. Since ϑt and ϑ
′
t are generalized Schur maps, so are Rϑ and Rϑ′ .
Observe that for all η ∈ B(H)∗,
[Rˆϑ(η)]ij = Γˆij([ω(Λˆη)]ij + ηij) = Γˆij([ω
′(Λˆη)]ij + ηij) = [Rˆϑ′(η)]ij .
Therefore, it follows that [R̂ϑ]ij = [R̂ϑ′ ]ij.
Now define the continuous idempotent L : B(H)∗ → B(H)∗ given by
L(ρ) = (ρij)
ij
and let M be the range of L. Observe that for every t > 0, ϑ̂t, ϑ̂
′
t as well as R̂ϑ and R̂ϑ′
are generalized Schur maps, hence M is a closed invariant subspace of B(H)∗ for those maps.
Furthermore, on M, the restriction of ϑ̂ and ϑ̂′ constitute C0-semigroups whose resolvents are
precisely the restriction of R̂ϑ and R̂ϑ′ to M. In addition, note that for all ρ ∈ B(H)∗,
R̂ϑ(L(ρ)) = R̂ϑ((ρij)
ij) = [R̂ϑ]ij(ρij) = [R̂ϑ′ ]ij(ρij) = R̂ϑ′((ρij)
ij) = R̂ϑ′(L(ρ)).
Thus the resolvents of the C0-semigroups ϑ̂|M and ϑ̂
′|M coincide. It follows that ϑ̂|M = ϑ̂
′|M.
Thus for every t > 0, X ∈ B(H), and ρ ∈ B(H)∗,
ϑ̂t(L(ρ))(X) = L(ρ)(ϑt(X)) = [ρij]
ij(ϑt(X)) = ρij([ϑt(X)]ij) = ρ
(
([ϑt(X)]ij)
ij
)
.
We have the analogous identity for ϑ′, hence we have that for all X ∈ B(H) and ρ ∈ B(H)∗,
ρ
(
([ϑt(X)]ij)
ij
)
= ρ
(
([ϑ′t(X)]ij)
ij
)
.
It follows that [ϑt(X)]ij = [ϑ
′
t(X)]ij for all X ∈ B(H). Since both ϑt and ϑ
′
t are generalized
Schur maps, we obtain that [ϑt]ij = [ϑ
′
t]ij. 
Remark 3.4. Propositions 3.2 and 3.3 are used very frequently in the remainder of the article.
For example, if ω : B(K1 ⊕K2)∗ → A(H1 ⊕H2)∗ is a q-positive boundary weight map which
is a generalized Schur map with respect to the decompositions K1 ⊕K2 and H1 ⊕H2, then
Proposition 3.2 implies that ω induces a CP-flow Θ over K1 ⊕ K2 consisting of generalized
Schur maps and that the generalized boundary representation Πt for Θ consists of generalized
Schur maps. Therefore, Θ has the form
(3.4) Θt
(
A B
C D
)
=
(
αt(A) σt(B)
σ∗t (C) βt(D)
)
,
where αt maps B(H1) into itself, σt maps B(H2,H1) into itself, and βt maps B(H2) into itself
for all t ≥ 0. Note that since Θ is a CP-flow, the semigroups α = {αt}t≥0 and β = {βt}t≥0
must be CP-flows over K1 and K2, respectively, hence σ is a flow corner from α to β. Let µ
be the boundary weight map and πt be the generalized boundary representation for α, and
let η be the boundary weight map and ξt be the generalized boundary representation for β.
Since (RΘ)11 = Rα and (RΘ)22 = Rβ, it follows from (3.2) that for all ρ ∈ B(K1 ⊕K2)∗,
[ω(ρ)]11 = µ(ρ11), [ω(ρ)]22 = η(ρ22).
By the above line and the fact that Πt is a generalized Schur map for every t > 0, it follows
that Πt has the form
(3.5) Πt
(
A B
C D
)
=
(
πt(A) γt(B)
γ∗t (C) ξt(D)
)
for some family γ = {γt}t>0 of contractions from B(H2,H1) into B(K2,K1).
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Suppose that Θ ≥ Θ′ for a CP-flow Θ′ over K1 ⊕K2 of the form
Θ′t
(
A B
C D
)
=
(
α′t(A) σt(B)
σ∗t (C) β
′
t(D)
)
.
Note that α′ and β′ are CP-flows over K1 and K2 which are subordinate to α and β, respec-
tively. By the previous paragraph, we have that if Π′t is the generalized boundary represen-
tation for Θ′, then
Π′t
(
A B
C D
)
=
(
π′t(A) γ
′
t(B)
(γ′)∗t (C) ξ
′
t(D)
)
.
Furthermore, since [Θt]12 = [Θ
′
t]12 for all t ≥ 0, Proposition 3.3 implies that [Πt]12(B) =
[Πt(B
12)]12 = [Π
′
t(B
12)]12 = [Π
′
t]12(B) for all B ∈ B(H2,H1), hence Π
′
t has the form
Π′t
(
A B
C D
)
=
(
π′t(A) γt(B)
γ∗t (C) ξ
′
t(D)
)
for all t ≥ 0.
Conversely, if α and β are CP-flows over K1 and K2, respectively, and if σ is a flow corner
from α to β, then equation (3.4) defines a CP-flow Θ over K1 ⊕K2. By Proposition 3.2, the
boundary weight map ω and generalized boundary representation Πt for Θ are generalized
Schur maps. Let µ be the boundary weight map and πt be the generalized boundary repre-
sentation for α, and let η be the boundary weight map and ξt be the generalized boundary
representation for β. The same argument given in the first paragraph of this remark shows
that for all ρ ∈ B(K1 ⊕ K2)∗ we have [ω(ρ)]11 = µ(ρ11) and [ω(ρ)]22 = η(ρ22), and that in
addition Πt has the form (3.5).
As a further application of generalized Schur maps, we clarify the relationship between flow
corners and matrices of flow corners.
Proposition 3.5. For each i = 1, 2, . . . n, let Ki be a separable Hilbert space, and let Hi =
Ki ⊗ L
2(0,∞). Let K =
⊕n
i=1Ki and H =
⊕n
i=1Hi. Suppose that Θ = (θ
(ij))ni,j=1 is a
one-parameter semigroup from B(H) to B(H) such that for each i, j = 1, 2, . . . , n, i 6= j, and
t > 0, the map given by
Ψ
(ij)
t
(
A B
C D
)
=
(
θ
(ii)
t (A) θ
(ij)
t (B)
θ
(ji)
t (C) θ
(jj)
t (D)
)
defines a unital CP-flow over Ki ⊕Kj .
Θ is a CP-flow over K if only if the boundary weight map ω defined by
(3.6) [ω(ρ)]ij = ωij(ρij)
for all ρ ∈ B(K)∗ and i, j = 1, 2, . . . n is a q-positive boundary weight map, where the map
given by
(3.7) η 7→
(
ωii(η11) ωij(η12)
ωji(η21) ωjj(η22)
)
for all η ∈ B(Ki⊕Kj)∗ is the boundary weight map for Ψ
(ij). In this case, ω is the boundary
weight map for Θ.
Proof. Suppose that Θ is a CP-flow over K. Then it has a q-positive boundary weight map
ω. It is clear that Θ is a generalized Schur map, hence ω is also a generalized Schur map, i.e.
it has the form (3.6). It remains to show that for every i, j = 1, 2, . . . , n, i 6= j, the boundary
weight map of Ψ
(ij)
t is given by (3.7).
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Let us fix i, j = 1, 2, . . . , n, i 6= j, let us temporarily denote Ψ = Ψ(ij) and let us define the
canonical embedding ε : B(Hi ⊕ Hj) → B(H) and the canonical compression E : B(H) →
B(Hi ⊕Hj). Then it is clear that for all t > 0,
Ψt = E ◦Θt ◦ ε.
Similarly, we have that
RΨ = E ◦RΘ ◦ ε, and ΓHi⊕Hj = E ◦ Γ ◦ ε.
Let ω′ be the map given by (3.7). Then by (2.6) we have that for all ρ ∈ B(Hi ⊕Hj)∗,
R̂Ψ(ρ) = (ε̂ ◦ R̂Θ ◦ Ê)(ρ) = ε̂
(
Γ̂(ω(Λ̂Êρ) + Ê(ρ)
)
= Γ̂Hi⊕Hj
(
ε̂ω(Λ̂Êρ) + ρ
)
= Γ̂Hi⊕Hj
(
ω′(Λ̂Hi⊕Hjρ) + ρ
)
.(3.8)
Thus it follows from (2.6) that ω′ must be the boundary weight map of Ψ.
Conversely, suppose that equation (3.6) defines a q-positive boundary weight ω, where
for each i and j with i 6= j, (3.7) is the boundary weight map for Ψ(ij). Then ω induces
a CP-flow Θ′ over K, and Θ′t must be a generalized Schur map for every t > 0. Now let
i, j = 1, 2, . . . , n be fixed, and let us denote E and ε as in the previous paragraph. Then we
have that Υ
(ij)
t = E ◦ Θ
′
t ◦ ε is a CP-flow over Ki ⊕ Kj. This applies for every i, j. Hence
we can apply the forward part of the theorem to Θ′ and Υ(ij) for i, j = 1, 2, . . . , n, so that
by (3.8), Υ(ij) has boundary weight map given by (3.7). It follows by the uniqueness of the
boundary weight map (see (2.6) and Proposition 2.11) that Υ(ij) = Ψ(ij). Thus we obtain
that Θ = Θ′ and ω is its boundary weight map. 
4. Cocycle conjugacy in the case of invertible q-pure maps
In this section we will frequently make use of the canonical identifications discussed after
Proposition 2.21. We remark that if T ∈ Mn(C) is positive, and µ ∈ A(C
n ⊗ L2(0,∞))∗ is a
positive boundary weight, then the map µT (A) = µ(T ⊗A) is a positive boundary weight in
A(L2(0,∞))∗. Indeed, µT is positive by construction, and it is a boundary weight since
µT ((I − Λ)
1/2B(I − Λ)1/2) = µ
(
(I − I ⊗ Λ)1/2(T ⊗B)(I − I ⊗ Λ)1/2
)
for all B ∈ B(L2(0,∞)). Under our matrix identifications, µT (A) = µ(
∑n
i,j=1 tijA
ij).
Lemma 4.1. Let φ : Mn(C) → Mn(C) be a unital q-positive Schur map. Let ν be a type II
Powers weight, and let Θ be the unital CP-flow over Cn induced by the boundary weight double
(φ, ν). Let H = Cn ⊗ L2(0,∞), identifying B(H) with Mn(B(L
2(0,∞))). Suppose Θ′ is a
CP-flow over Cn such that Θ ≥ Θ′, and let {ξt}t>0 be the generalized boundary representation
for Θ′. Then ξt is a generalized Schur map with respect to the decompositions
⊕n
i=1 C and⊕n
i=1B(L
2(0,∞)) for every t > 0.
Furthermore, for each k = 1, 2, . . . , n, there exists a positive boundary weight ωk ∈ A(L
2(0,∞))∗
such that
(4.1) ξt(X
kk) =
(ωk)t(X)
1 + (ωk)t(Λ)
ekk
for all X ∈ B(L2(0,∞)), where the matrices {eij}
n
i,j=1 are the standard matrix units for
Mn(C).
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Proof. Let π = {πt}t>0 be the boundary representation for Θ, and let t > 0. By Proposition
2.21, πt is given by
πt(B) = φ(I + νt(Λ)φ)
−1(Ωνt(B))
for all B ∈ B(Cn⊗L2(0,∞)), and by Theorem 2.14, πt− ξt is completely positive. Using the
fact that φ is a unital Schur map and νt(I − Λ) ≤ ν(I − Λ) = 1, we obtain
ξt(I
kk) ≤ πt(I
kk) =
νt(I)
1 + νt(Λ)
ekk ≤ ekk
for every k = 1, . . . , n. Therefore, ejjξt(I
kk)ejj = 0 if j 6= k. Fix A ∈ B(H). Note
that ξt, {ejj}
n
j=1, and {I
kk}nk=1 satisfy the conditions of Lemma 3.1, hence ejjξt(A)ekk =
ejjξt(I
jjAIkk)ekk for all j, k = 1, . . . , n. Therefore, for all i, j = 1, . . . , n, we have(
[ξt(A)]ij
)ij
= eiiξt(A)ejj = eiiξt(I
iiAIjj)ejj = eii
(
ξt[(Aij)
ij ]
)
ejj =
[
(ξt)ij(Aij)]ij
]ij
,
hence [ξt(A)]ij = (ξt)ij(Aij). Therefore, ξt is a generalized Schur map with respect to the
decompositions
⊕n
i=1C and
⊕n
i=1B(L
2(0,∞)) for every t > 0.
Now let k ∈ {1, . . . , n} be arbitrary. For simplicity of notation, we will write ω rather than
ωk for the boundary weight which, as we will show, satisfies equation (4.1). Let ρ0 ∈Mn(C)
∗
be the state defined by ρ0(X) = xkk for all X = (xij) ∈Mn(C). Let η be the boundary weight
map for to Θ′, and for each t > 0, let Ψt = (I − ξt ◦ Λ)
−1ξt, noting that Ψt is a generalized
Schur map since ξt and I − ξt ◦ Λ are generalized Schur maps. Observe that ρ ◦ Ψt = ηt(ρ)
for all ρ ∈ Mn(C)
∗. Since Ψt is a generalized Schur map with respect to the decompositions⊕n
i=1C and
⊕n
i=1B(L
2(0,∞)) for every t > 0, we have
(4.2) Ψt(X
kk) = ρ0
(
Ψt(X
kk)
)
ekk = ηt(ρ0)(X
kk)ekk
for all X ∈ B(L2(0,∞)).
We define the linear functional ω acting on A(L2(0,∞)) by
ω(X) = η(ρ0)(X
kk)
for all X ∈ A(L2(0,∞)). It follows from the discussion preceding the current Lemma that ω
is indeed a well-defined positive boundary weight in A(L2(0,∞))∗.
Denote the right shift semigroups acting on B(H) and B(L2(0,∞)) by {St}t≥0 and {Vt}t≥0,
respectively. Note that under our identification of B(H) with Mn(B(L
2(0,∞))), we have
[St]kk = Vt for every t ≥ 0. Define the truncated weights ωt ∈ B(L
2(0,∞))∗ by
ωt(X) = ω(VtV
∗
t XVtV
∗
t )
for t > 0 and X ∈ B(L2(0,∞)). Then we have that
ωt(X) = ω(VtV
∗
t XVtV
∗
t ) = η(ρ0)
(
[VtV
∗
t XVtV
∗
t ]
kk)
)
= η(ρ0)
(
StS
∗
tX
kkStS
∗
t
)
= ηt(ρ0)(X
kk),
whereby equation (4.2) implies Ψt(X
kk) = ωt(X)ekk for all X ∈ B(L
2(0,∞)). Thus we have
(I +Ψt ◦ Λ)
−1(ekk) =
1
1 + ωt(Λ)
ekk. Therefore, for all X ∈ B(L
2(0,∞)),
ξt(X
kk) = (I +Ψt ◦ Λ)
−1Ψt
(
Xkk
)
= (I +Ψt ◦ Λ)
−1
(
ωt(X)ekk
)
=
ωt(X)
1 + ωt(Λ)
ekk.

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Theorem 4.2. Let ψ : Mn(C) → Mn(C) be a unital invertible q-pure map, and let ν be
a type II Powers weight. Then (ψ, ν) and (ıC, ν) induce cocycle conjugate minimal dilation
E0-semigroups.
Proof. By Theorem 2.28, since ψ is a unital invertible q-pure map, it is conjugate to a unital
invertible q-pure map φ of the form
[φ(A)]jk =

ajk
1 + i(λj − λk)
if j < k
ajk if j = k
ajk
1− i(λj − λk)
if j > k
for all j, k = 1, . . . , n and all A = (ajk) ∈Mn(C), where λ1, . . . , λn ∈ R and λ1+ . . .+λn = 0.
By Proposition 2.26, (φ, ν) and (ψ, ν) induce cocycle conjugate E0-semigroups, therefore it
suffices to show that the E0-semigroups induced by (φ, ν) and (ıC, ν) are cocycle conjugate.
Define γ : Mn,1(C)→Mn,1(C) by
γ

b1
b2
...
bn
 =

1
1+iλ1
b1
1
1+iλ2
b2
...
1
1+iλn
bn
 ,
and define a unital map Υ : Mn+1(C)→Mn+1(C) by
(4.3) Υ
(
An,n Bn,1
C1,n d
)
=
(
φ(An,n) γ(Bn,1)
γ∗(C1,n) d
)
.
Letting λn+1 = 0, we see that for all A = (aij) ∈Mn+1(C),
[Υ(A)]jk =

ajk
1 + i(λj − λk)
if j < k
ajk if j = k
ajk
1− i(λj − λk)
if j > k
,
where λ1, . . . , λn+1 ∈ R and
∑n
k=1 λk =
∑n+1
k=1 λk = 0, so Υ is q-positive by Theorem 2.28. By
Proposition 2.21, the boundary weight double (Υ, ν) gives rise to a unital CP-flow Θ = {Θt}t≥0
over Cn+1.
Let α and β be the unital CP-flows over Cn and C, respectively, induced by (φ, ν) and
(ıC, ν). Since Υ is a generalized Schur map in the sense of (4.3), it follows from Remark 3.4
applied to its boundary weight map that Θ has the form
Θt =
(
αt σt
σ∗t βt
)
for some semigroup σ = {σt}t≥0 of maps from B(L
2(0,∞),Cn⊗L2(0,∞)) into itself. Suppose
Θ ≥ Θ′ =
(
α′ σ
σ∗ β′
)
for some CP-flow Θ′ over Cn+1. Let π = {πt}t>0 and π
′ = {π′t}t>0 be the generalized boundary
representations for Θ and Θ′, respectively. Since Θ ≥ Θ′ and Υ is a unital q-positive Schur
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map, Lemma 4.1 implies that for each k = 1, . . . , n+1, there is some positive boundary weight
ωk ∈ A(L
2(0,∞))∗ such that
(4.4) π′t(X
kk) =
(ωk)t(X)
1 + (ωk)t(Λ)
ekk
for every X ∈ B(L2(0,∞)). We note that φ is a Schur map, hence a direct calculation shows
that for r ≤ s ∈ {1, . . . , n+ 1},
(4.5) πt(X
rs) =
νt(X)
1 + νt(Λ) + i(λr − λs)
ers.
Since πt − π
′
t is completely positive for all t > 0, equations (4.4) and (4.5) (when r = s = k)
imply that
νt
1 + νt(Λ)
−
(ωk)t
1 + (ωk)t(Λ)
is a positive functional in B(L2(0,∞))∗ for all t > 0. In other words, for k = 1, . . . , n+ 1,
(4.6) ν ≥q ωk.
Now let us fix k ∈ {1, . . . , n}, and let ι : M2(B(L
2(0,∞)) → Mn+1(B(L
2(0,∞))) be the
injective ∗-homomorphism given by
ι
(
A11 A12
A21 A22
)
= (A11)
kk + (A12)
k,n+1 + (A21)
n+1,k + (A22)
n+1,n+1.
Since ι is a ∗-homomorphism, it is clear that it is completely positive. Let also E :Mn+1(B(L
2(0,∞))) →
M2(B(L
2(0,∞)) be the completely positive map given by
E(A) =
(
Akk Ak,n+1
An+1,k An+1,n+1
)
.
Now note that ϑt = E ◦ Θt ◦ ι and ϑ
′
t = E ◦ Θ
′
t ◦ ι are generalized Schur maps on
B(L2(0,∞)⊕L2(0,∞)) with respect to the decomposition L2(0,∞)⊕L2(0,∞). Furthermore,
ϑ and ϑ′ are CP-flows over C ⊕ C. Let ξt and ξ
′
t be their generalized boundary representa-
tions. Now using the notation for generalized Schur maps, notice that since Θ and Θ′ have
the corner σ in common, it follows that [ϑt]12 = [ϑ
′
t]12. Thus it follows by Proposition 3.3
that [ξt(X)]12 = [ξ
′
t(X)]12 for all X ∈ M2(B(L
2(0,∞))), where [ξt(X)]ij = (ξt)ij(Xij) and
[ξ′t(X)]ij = (ξ
′
t)ij(Xij) for all i, j = 1, 2 since ξt and ξ
′
t are generalized Schur maps. Further-
more, observe that for every t > 0 and X = (Xij) ∈M2(B(L
2(0,∞))),
πt(ι(X)) = (ξt)11(X11)ekk + (ξt)12(X12)ek,n+1 + (ξt)21(X21)en+1,k + (ξt)22(X22)en+1,n+1,
π′t(ι(X)) = (ξ
′
t)11(X11)ekk + (ξ
′
t)12(X12)ek,n+1 + (ξ
′
t)21(X21)en+1,k + (ξ
′
t)22(X22)en+1,n+1
= (ξ′t)11(X11)ekk + (ξt)12(X12)ek,n+1 + (ξt)21(X21)en+1,k + (ξ
′
t)22(X22)en+1,n+1.
Thus, by combining equations (4.4) and (4.5) with the fact that λn+1 = 0, we obtain that for
every X = (Xij) ∈M2(B(L
2(0,∞))),
ξ′t(X) =

(ωk)t(X11)
1 + (ωk)t(Λ)
νt(X12)
1 + νt(Λ) + iλk
ν∗t (X21)
1 + ν∗t (Λ)− iλk
(ωn+1)t(X22)
1 + (ωn+1)t(Λ)
 .
The above map is completely positive by construction for every t > 0, since it is the generalized
boundary representation of a CP-flow. Hence 11+iλk ν is a q-corner from ωk to ωn+1. We know
from Remark 2.19 that 11+iλk ν is a hyper-maximal q-corner from ν to ν, so ν = ωk = ωn+1 by
(4.6).
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Thus we conclude that ωk = ν for each k = 1, . . . , n + 1, and it follows by (4.4) and (4.5)
that
(πt − π
′
t)(I) = 0.
But πt − π
′
t is completely positive by Theorem 2.14, hence we have that
||πt − π
′
t|| = ||(πt − π
′
t)(I)|| = 0,
thus πt = π
′
t for all t > 0, whereby Θ
′ = Θ again by Theorem 2.14. Therefore, σ is a hyper-
maximal flow corner from α to β. Hence, αd and βd are cocycle conjugate by Theorem 2.8. 
5. Unitary equivalence of boundary weight maps
The following proposition is a direct consequence of Bhat’s theorem and Arveson’s charac-
terization of minimality. Although we could not find a convenient reference for the it in the
literature, we believe that it is already known. We include a proof here for the convenience
of the reader. We thank Bob Powers for pointing out its role in sharpening the result which
follows the proposition.
Proposition 5.1. Let α and β be unital CP-semigroups acting on B(Kα), B(Kβ) with min-
imal dilations αd and βd, respectively. Suppose that there exists a unitary V : Kβ → Kα such
that
βt(A) = V
∗αt(V AV
∗)V
for all A ∈ B(Kβ) and t ≥ 0. Then α
d and βd are conjugate E0-semigroups.
Proof. Suppose that αd acting on B(H) is a minimal dilation, i.e. there exists an isometry
W : Kα → H such that WW
∗ is an increasing projection for αd for which
αt(A) =W
∗αdt (WAW
∗)W
for all A ∈ B(Kα) and t ≥ 0 and furthermore H = span(Sα) where
Sα = {α
d
t1(WA1W
∗) · · ·αdtn(WAnW
∗)Wf : f ∈ H,Ai ∈ B(Kα), ti ≥ 0, n ∈ N}.
In order to show that αd and βd are conjugate, it suffices to show that αd is a minimal dilation
of β. This is equivalent to showing that there exists an isometry Z : Kβ → H such that ZZ
∗
is an increasing projection for αd for which
βt(A) = Z
∗αdt (ZAZ
∗)Z
for all A ∈ B(Kβ) and t ≥ 0 and furthermore H = span(Sβ) where
Sβ = {α
d
t1(ZA1Z
∗) · · ·αdtn(ZAnZ
∗)Zf : f ∈ H,Ai ∈ B(Kβ), ti ≥ 0, n ∈ N}.
Let Z : Kβ → H be the isometry Z =WV . Note that
βt(A) = V
∗αt(V AV
∗)V = V ∗
(
W ∗αdt (W (V AV
∗)W ∗)W
)
V
= V ∗W ∗αdt (WVAV
∗W ∗)WV = Z∗αdt (ZAZ
∗)Z
for all A ∈ B(H) and t ≥ 0. Furthermore, ZZ∗ is increasing for αd because ZZ∗ = WW ∗
and WW ∗ is increasing for αd.
Let ξ ∈ Sα, so that there exist {Ai}
n
i=1 ⊂ B(Kα), ti ≥ 0 for i = 1, . . . , n, and f ∈ Kα such
that
ξ = αdt1(WA1W
∗) · · ·αdtn(WAnW
∗)f.
Letting g = V ∗f ∈ Kβ and Bi = V
∗AiV ∈ B(Kβ) for all i = 1, . . . n, we observe that
ξ = αdt1(WA1W
∗) · · ·αdtn(WAnW
∗)f = αdt1(ZB1Z
∗) · · ·αdtn(ZBnZ
∗)Zg,
hence ξ ∈ Sβ. Therefore Sα ⊆ Sβ. Consequently H = span(Sβ). 
GAUGE GROUPS OF E0-SEMIGROUPS OBTAINED FROM POWERS WEIGHTS 23
Given a Hilbert space H and a unitary V ∈ B(H) we denote by AdV : B(H)→ B(H) the
map given by AdV (X) = V
∗XV . Thus we obtain the map ÂdV : B(H)∗ → B(H)∗ given by
ÂdV (ρ)(X) = ρ(AdV (X)) = ρ(V
∗XV )
for all X ∈ B(H) and ρ ∈ B(H)∗.
Theorem 5.2. Let H = K ⊗ L2(0,∞), where K is a separable Hilbert space. Let α be a
CP-flow over K, and let ω : B(K)∗ → A(H)∗ be its boundary weight map. For every unitary
U ∈ B(K), let U˜ = U ⊗ IL2(0,∞) ∈ B(H). Define a map ω
U : B(K)∗ → A(H)∗ by
ωU = Âd
U˜∗
◦ ω ◦ ÂdU .
Then ωU is the boundary weight map of the unital CP-flow αU over K given by
(5.1) (αU )t(A) = U˜
∗αt(U˜AU˜
∗)U˜
for all A ∈ B(H), t ≥ 0.
Proof. For each t > 0, let E(t,∞) = StS
∗
t ∈ B(H). In other words, E(t,∞) = IK ⊗ VtV
∗
t ,
where Vt is the right shift by t units on L
2(0,∞). Note that Ad
U˜∗
leaves A(H) invariant, so
ρ → ωU (ρ) maps B(K)∗ into A(H)∗, therefore ω
U is well-defined. Furthermore, ωU is the
composition of completely positive maps and is therefore completely positive. Note that U˜
commutes with E(t,∞) for all t > 0, so
ωUt (ρ)(A) = ω
U (ρ)(E(t,∞)AE(t,∞)) = ω(ÂdU˜ (ρ))(U˜E(t,∞)AE(t,∞)U˜
∗)
= ω(ÂdU (ρ))(E(t,∞)U˜AU˜
∗E(t,∞)) = ωt(ÂdU (ρ)(U˜AU˜
∗)
= (ÂdU˜∗ ◦ ωt ◦ ÂdU )(ρ),
hence ωUt (ρ) ∈ B(H)∗ for all ρ ∈ B(K)∗ and all t > 0. Furthermore, we have
ωUt (I + Λ̂ω
U
t )
−1 = ÂdU˜∗ ◦ ωt(I + Λ̂ωt)
−1 ◦ ÂdU ,
so the maps π̂t := ω
U
t (I + Λ̂ω
U
t )
−1 are completely positive contractions of B(K)∗ into B(H)∗
for all t > 0, hence ωU is the boundary weight map of a CP-flow αU over K. It remains to
show that αU is given by equation (5.1).
Recall that the resolvent RαU for αU satisfies
(5.2) RˆαU (η)(A) =
∫ ∞
0
e−t(αU )t(A)dt and RˆαU (η) = Γˆ(ω
U (Λˆη) + η)
for all A ∈ B(H), η ∈ B(H)∗.
We make four observations:
(I) U˜St = StU˜ for all t ≥ 0,
(II) U˜∗Λ(X)U˜ = Λ(U∗XU) for all X ∈ B(K),
(III) ÂdU
(
Λˆη
)
= Λˆ
(
ÂdU˜(η)
)
for all η ∈ B(H)∗,
(IV) U˜∗Γ(B)U˜ = Γ(U˜∗BU˜) for all B ∈ B(H).
Equation (I) and the fact that α is a CP flow imply that the mappings A → U˜∗αt(U˜AU˜
∗)U˜
for A ∈ B(H) and t ≥ 0 define a CP-flow over Cn, since
U˜∗αt(U˜AU˜
∗)U˜St = U˜
∗
(
αt(U˜AU˜
∗)St
)
U˜ = U˜∗(StU˜AU˜
∗)U˜ = U˜∗StU˜A = StA.
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For all η ∈ B(H)∗ and A ∈ B(H), we find:
Γˆ
(
ωU (Λˆη)
)
(A) = ω
(
ÂdU (Λˆη)
)
(U˜Γ(A)U˜∗)
(by (III), (IV)) = ω
(
Λˆ
(
ÂdU˜ (η)
))
(Γ(U˜AU˜∗))
(by (2.6)) = Rˆα
(
ÂdU˜(η)
)
(U˜AU˜∗)− ÂdU˜ (η)(Γ(U˜AU˜
∗))
(by (2.5), (IV)) = Âd
U˜
(η)
( ∫ ∞
0
e−tαt(U˜AU˜
∗)dt
)
− η(U˜∗Γ(U˜AU˜∗)U˜ )
(by (IV)) = η
( ∫ ∞
0
e−tU˜∗αt(U˜AU˜
∗)U˜dt
)
− η(Γ(A)).
The above equation and equation (5.2) give us
η
( ∫ ∞
0
e−tU˜∗αt(U˜AU˜
∗)U˜dt
)
=
(
Γˆ(ωU (Λˆη) + η)
)
(A) = η
(
RαU (A)
)
for all η ∈ B(H)∗ and A ∈ B(H), hence αU has the form of equation (5.1). 
Corollary 5.3. If φ,ψ : Mn(C)→Mn(C) are conjugate unital q-positive maps and ν is a type
II Powers weight, then the boundary weight doubles (φ, ν) and (ψ, ν) have conjugate minimal
flow dilations.
Proof. Let ν be a type II Powers weight, and φ,ψ : Mn(C) → Mn(C) be conjugate unital
q-positive maps and let U ∈Mn(C) be a unitary such that ψ = φU . We remark that
Ω̂ν ◦ ÂdU∗ = ÂdU˜∗ ◦ Ω̂ν
since for all A ∈ A(L2(0,∞)),X ∈Mn(C),
UΩν(X ⊗A)U
∗ = U(ν(A)X)U∗ = ν(A)(UXU∗) = Ων((UXU
∗)⊗A)
= Ων(U˜(X ⊗A)U˜
∗).
Therefore, if ω is the boundary weight map associated with the boundary weight double (φ, ν),
i.e. ω = Ω̂ν ◦ φ̂, it follows that
ωU = Âd
U˜∗
◦ ω ◦ ÂdU = ÂdU˜∗ ◦ Ω̂ν ◦ φ̂ ◦ ÂdU = Ω̂ν ◦ ÂdU∗ ◦ φ̂ ◦ ÂdU = Ω̂ν ◦ φ̂U
Thus, ωU is the boundary weight map for the boundary weight double (φU , ν). Therefore,
by Theorem 5.2 the unital CP-flow induced by (φU , ν) = (ψ, ν) is conjugate to the unital
CP-flow induced by (φ, ν). Thus it follows from Proposition 5.1 that the two unital CP-flows
have conjugate minimal flow dilations. 
We obtain as a consequence the following result.
Theorem 5.4. Let φ and ψ be unital rank one q-positive maps on Mn(C) and Mk(C), re-
spectively, and let ν be a type II Powers weight of the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf).
Let αd and βd be the E0-semigroups induced by (φ, ν) and (ψ, ν), respectively. The following
are equivalent:
(i) αd and βd are conjugate.
(ii) αd and βd are cocycle conjugate.
(iii) n = k and φ is conjugate to ψ.
Proof. Trivially, (i) implies (ii), while (ii) implies (iii) by Theorem 3.10 of [Jan10a]. Corol-
lary 5.3 shows that (iii) implies (i). 
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6. Gauge group in the range rank one case
In this section, we will calculate the gauge group for the minimal flow dilation αd of the
CP-flow α induced by the boundary weight double (φ, ν), where φ : Mn(C) → Mn(C) is a
unital rank one q-positive map and ν is a type II Powers weight of the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf).
In the context of CP-flows, the local unitary cocycles are more conveniently described in
terms of the associated hyper-maximal flow corners. This description remains out of reach in
the case of general boundary weight doubles, however in the special case when ν has the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf) and φ : Mn(C) → Mn(C) is any unital q-positive map, we
present a convenient description. In the following theorem we describe explicitly a one-to-one
correspondence between the hyper-maximal flow corners from α to α and the hyper-maximal
q-corners from φ to φ.
Theorem 6.1. Let φ : Mn(C) → Mn(C) be a unital q-positive map, and let ν be a type II
Powers weight of the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf).
Let α be the unital CP-flow induced by the boundary weight double (φ, ν).
Suppose γ is a hyper-maximal q-corner from φ to φ. Define a linear map ω : M2n(C)∗ →
A(C2n ⊗ L2(0,∞))∗ by
(6.1) ω(ρ)
(
A11 A12
A21 A22
)
= ρ
(
φ(Ων(A11)) γ(Ων(A12))
γ∗(Ων(A21)) φ(Ων(A22))
)
.
Then ω is the boundary weight map of a unital CP-flow Θ of the form
Θ =
(
α σ
σ∗ α
)
,
where σ is a hyper-maximal flow corner from α to α. The generalized boundary representation
Πt for Θ is given by
(6.2) Πt =
(
φ(I + νt(Λ)φ)
−1Ωνt γ(I + νt(Λ)γ)
−1Ωνt
γ∗(I + νt(Λ)γ
∗)−1Ωνt φ(I + νt(Λ)φ)
−1Ωνt
)
for all t > 0.
Conversely, suppose that σ is a hyper-maximal flow corner from α to α. Let Θ be the
CP-flow
Θ =
(
α σ
σ∗ α
)
.
Let ω be the boundary weight map for Θ and let Πt be the generalized boundary representation
for Θ. Then there exists a unique hyper-maximal q-corner γ from φ to φ such that ω is given
by equation (6.1). Furthermore, Πt satisfies equation (6.2) for every t > 0.
Proof. We will use two key facts established in the proof of Proposition 4.6 of [Jan10b].
Suppose that γ is a hyper-maximal q-corner from φ to φ. It was shown in the proof of
Proposition 4.6 of [Jan10b] that the boundary weight map defined by (6.1) induces a unital
CP-flow of the form
Θ =
(
α σ
σ∗ α
)
,
where σ is a hyper-maximal flow corner from α to α. The fact that the generalized boundary
representation Πt for Θ satisfies (6.2) is a direct consequence of the formula Π̂t = ωt(I+Λˆωt)
−1.
This proves the forward direction.
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For the backward direction, let σ be a hyper-maximal flow corner from α to α, and let Θ
be the CP-flow
Θ =
(
α σ
σ∗ α
)
.
Let ω be the boundary weight map and let Πt be the generalized boundary representation for
Θ. In the proof of Proposition 4.6 of [Jan10b], it was shown that there exists a hyper-maximal
q-corner γ from φ to φ such that Πt is given by (6.2) for every t > 0.
It remains to show that ω satisfies equation (6.1) and to establish that γ is unique. For the
former, observe that by Proposition 2.21, since(
φ γ
γ∗ φ
)
is unital and q-positive, the boundary weight map ω′ defined by
ω′(ρ)
(
A11 A12
A21 A22
)
= ρ
(
φ(Ων(A11)) γ(Ων(A12))
γ∗(Ων(A21)) φ(Ων(A22))
)
induces a unital CP-flow Θ′. By the forward direction of the theorem, its generalized boundary
representation Π′t satisfies (6.2). Thus Πt = Π
′
t for all t > 0 and it follows that Θ = Θ
′ and
ω = ω′, establishing (6.1).
We now show that γ is unique. Suppose γ′ : Mn(C) → Mn(C) is another linear map such
that
ω(ρ)
(
A11 A12
A21 A22
)
= ρ
(
φ(Ων(A11)) γ
′(Ων(A12))
(γ′)∗(Ων(A21)) φ(Ων(A22))
)
for all ρ ∈ M2n(C)∗ and (Aij) ∈ A(C
2n ⊗ L2(0,∞)). It follows that γ′ ◦ Ων = γ ◦ Ων . Since
Ων is onto, we conclude that γ = γ
′. 
In light of the bijection between hyper-maximal flow corners from α to α and elements of
Gflow(α
d) given by Theorem 2.8, we present an immediate corollary of Theorem 6.1.
Corollary 6.2. Let φ : Mn(C) → Mn(C) be a unital q-positive map, and let ν be a type II
Powers weight of the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf).
Let α be the CP-flow induced by (φ, ν). Then there is a bijection between hyper-maximal
q-corners from φ to φ and elements of Gflow(α
d).
The following result is a combination of Theorems 3.8 and 3.9 of [Jan10a].
Theorem 6.3. Let {µi}
k
i=1 and {ri}
k′
i=1 be non-increasing sequences of strictly positive num-
bers such that
∑k
i=1 µk =
∑k′
i=1 ri = 1. Define unital q-positive maps φ : Mn(C) → Mn(C)
and ψ :Mn′(C)→Mn′(C) (where n ≥ k and n
′ ≥ k′) by
(6.3) φ(A) =
( k∑
i=1
µiaii
)
In and ψ(D) =
( k′∑
i=1
ridii
)
In′
for all A = (aij) ∈ Mn(C) and D = (dij) ∈ Mn′(C). Let Ω˜ ∈ Mk(C) be the diagonal matrix
such that Ω˜jj = µj for j = 1, . . . , k.
If there is a nonzero q-corner from φ to ψ, then k = k′ and µi = ri for all i = 1, . . . , k. In
that case, a linear map γ : Mn,n′(C)→Mn,n′(C) is a q-corner from φ to ψ if and only if: for
some unitary V ∈ Mk(C) that commutes with Ω˜, some contraction E ∈ Mn−k,n′−k(C), and
some λ ∈ C with |λ|2 ≤ Re(λ), we have
γ
(
Bk,k Wk,n′−k
Qn−k,k Yn−k,n′−k
)
= λ tr(V ∗Bk,kΩ˜)
(
V 0k,n′−k
0n−k,k E
)
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for all (
Bk,k Wk,n′−k
Qn−k,k Yn−k,n′−k
)
∈Mn,n′(C).
A q-corner γ : Mn,n′(C) → Mn,n′(C) from φ to ψ is hyper-maximal if and only if n = n
′,
0 < |λ|2 = Re(λ), and E is unitary.
Note that 0 < |λ|2 = Re(λ) if and only if λ = 11+ix where x ∈ R.
Definition 6.4. Let ρ ∈Mn(C)
∗ be a state with trace density matrix Ω. Let Uρ denote the
set of all unitaries U ∈Mn(C) such that UΩ = ΩU , and let Uρ/T denote the group obtained
by the identification X ∼ Y if and only if X = cY where c ∈ C with |c| = 1. Let Gρ be the
group
Gρ = R× (Uρ/T)
with the coordinate-wise product. Each element g ∈ Gρ can be represented by a pair (x,X) ∈
R× Uρ, and we denote this relationship by g = {x,X}. Using this notation,
{x,X} · {y, Y } = {x+ y,XY }.
We record the following useful consequence of Theorem 6.3.
Theorem 6.5. Let φ :Mn(C)→Mn(C) be a rank one unital q-positive map, so φ(A) = ρ(A)I
for some state ρ with trace density matrix Ω. Suppose that {x,X} ∈ Gρ. Then the map
γ{x,X}(A) =
1
1 + ix
tr(X∗AΩ)X
is a well-defined hyper-maximal q-corner from φ to φ. Conversely, if γ is a hyper-maximal
q-corner from φ to φ, then there exists {x,X} ∈ Gρ such that γ = γ{x,X}.
Furthermore, if g, h ∈ Gρ and γg = γh, then g = h.
Proof. We observe that if (x,X), (y, Y ) ∈ R × Uρ are two representatives for an element of
Gρ, then x = y and X = cY for c ∈ C with |c| = 1, hence γ{x,X} = γ{y,Y }. Therefore this is a
well-defined map parametrized by an element of Gρ.
There exists a unitary U ∈ Mn(C) such that ΩU = U
∗ΩU is diagonal with nonzero non-
increasing diagonal entries µ1, . . . , µk for some k ≤ n. Let us denote by ρU (A) = tr(AΩU ),
and let φU be the q-positive unital map given by φU (A) = ρU (A)I. By Proposition 4.5 of
[Jan10b] and Remark 3.3 of [Jan10a], we know that γ is a hyper-maximal q-corner from φ to
φ if and only if γ(A) = Uσ(U∗AU)U∗ where σ is a hyper-maximal q-corner from φU to φU .
Let Ω˜ ∈Mk(C) be the diagonal matrix such that Ω˜jj = µj for j = 1, . . . , k. A straightfor-
ward calculation shows that a unitary matrix Z ∈Mn(C) commutes with ΩU if and only if it
has the form
Z =
(
V 0k,n−k
0n−k,k E
)
,
where V ∈Mk(C) and E ∈Mn−k(C) are unitary matrices and V commutes with Ω˜. Further-
more, if
A =
(
Bk,k Wk,n′−k
Qn−k,k Yn−k,n′−k
)
∈Mn(C),
then tr(Z∗AΩU ) = tr(V
∗BΩ˜). It follows from Theorem 6.3 that σ is a hyper-maximal q-corner
from φU to φU if and only if it has the form σ(A) =
1
1+ix tr(Z
∗AΩU )Z for all A ∈ Mn(C),
where x ∈ R and Z ∈Mn(C) is a unitary matrix that commutes with ΩU . Thus we have that
γ(A) = Uσ(U∗AU)U∗ =
1
1 + ix
tr(Z∗(U∗AU)ΩU )UZU
∗ =
1
1 + ix
tr(Z∗U∗AΩU)UZU∗
=
1
1 + ix
tr(X∗AΩ)X = γ{x,X}(A)
28 CHRISTOPHER JANKOWSKI AND DANIEL MARKIEWICZ
where X = UZU∗. It is clear that X commutes with Ω since Z commutes with ΩU , hence
(x,X) represents an element of Gρ.
The uniqueness statement is clear, once one observes that since γ{x,X}(A) is always a
multiple of X, if γ{x,X} = γ{y,Y } then X and Y are unitaries which must be multiples of each
other. 
Let φ(A) = ρ(A)I where ρ ∈ Mn(C)
∗ is a state, and let ν be a type II Powers weight of
the form ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf). By Corollary 6.2 and Theorem 6.5, we have a
bijection relating each element g ∈ Gρ to a hyper-maximal q-corner γg and its corresponding
local unitary flow αd-cocycle which we denote by Cg. Let g, h ∈ Gρ. Since the product of
local unitary flow cocycles is also a local unitary flow cocycle, it follows that Cg ·Ch = Cs for
some s ∈ Gρ. We will prove that s = gh. The following simple lemma will prove useful in
doing so.
Lemma 6.6. Let ι :M3(C)→M3(Mn(C)) be the natural inclusion given by [ι(A)]ij = aijIn.
Let X,Y ∈Mn(C) be unitary, and let V ∈M3(Mn(C)) be the unitary matrix given by
V =
Y 0 00 I 0
0 0 XY
 .
Then a linear map L : M3(Mn(C)) → M3(C) is completely positive if and only if the map
φ : M3(Mn(C))→M3(Mn(C)) given by φ(A) = V ι(L(A))V
∗ is completely positive.
Proof. It is clear that φ is completely positive if and only if ι ◦ L is completely positive. On
the other hand, ι is a *-isomorphism onto its range, therefore ι ◦ L is completely positive if
and only if L is completely positive. 
Remark 6.7. We will use the lemma in the special case when L : M3(Mn(C)) → M3(C) is
of the form
[L(A)]ij = ℓij(Aij),
where ℓij ∈Mn(C)
∗ for all i, j = 1, 2, 3. In this case,
φ(A) =
 ℓ11(A11)I ℓ12(A12)Y ℓ13(A13)X∗ℓ21(A21)Y ∗ ℓ22(A22)I ℓ23(A23)Y ∗X∗
ℓ31(A31)X ℓ32(A32)XY ℓ33(A33)I
 .
We will also use the following lemma (which appears in [Wal03] and which is also a special
case of Lemma 2.16 of [APP06]).
Lemma 6.8. Suppose K is a Hilbert space and T ∈M3(B(K)) has the form
T =
 I Y X∗Y ∗ I Z∗
X Z I
 ,
where X and Y are unitary. Then T is positive if and only if Z = XY .
We are now ready to prove the main result of the section.
Theorem 6.9. Let ν be a type II Powers weight of the form
ν((I − Λ)
1
2B(I − Λ)
1
2 ) = (f,Bf),
and let φ : Mn(C) → Mn(C) be a unital rank one q-positive map, so for some state ρ we
have φ(A) = ρ(A)I for all A ∈Mn(C). Let α
d be the minimal flow dilation of the CP-flow α
induced by the boundary weight double (φ, ν). Then the map g 7→ Cg is an isomorphism from
Gρ onto Gflow(α
d), thus G(αd) ≃ R×Gρ.
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Proof. Recall that since αd is type II0, we have that G(α
d) is canonically isomorphic to
R ×Gflow(α
d) (for more details see the discussion following Definition 2.3). Furthermore, it
follows from Theorem 6.5 that the map g → Cg described in the statement of the current
theorem is well-defined, injective and surjective. Thus, in order to complete the proof of the
theorem it suffices to prove that it preserves multiplication.
Let {x,X}, {y, Y } ∈ Gρ be given, and let Ω be the trace density matrix for ρ. Then
γ{x,X}(A) =
tr(X∗AΩ)
1 + ix
X, γ{y,Y }(A) =
tr(Y ∗AΩ)
1 + iy
Y
for all A ∈ Mn(C). For each S ∈ Mn(C), define τS ∈ Mn(C)
∗ by τS(A) = tr(SΩ
1/2AΩ1/2),
so that for example τI = ρ. Given A ∈ M3n(C), we write A = (Aij) ∈ M3(Mn(C)). Let
Θ :M3n(C)→M3n(C) be the map
Θ
 A11 A12 A13A21 A22 A23
A31 A32 A33
 =
 φ(A11) γ{y,Y }(A12) γ∗{x,X}(A13)γ∗{y,Y }(A21) φ(A22) γ∗{x+y,XY }(A23)
γ{x,X}(A31) γ{x+y,XY }(A32) φ(A33)
 .
For each t ≥ 0 and A ∈M3n(C),
Θ(I + tΘ)−1(A) =

τI(A11)
1 + t
I
τ∗Y (A12)
1 + t+ iy
Y
τX(A13)
1 + t− ix
X∗
τY (A21)
1 + t− iy
Y ∗
τI(A22)
1 + t
I
τXY (A23)
1 + t− ix− iy
Y ∗X∗
τ∗X(A31)
1 + t+ ix
X
τ∗XY (A32)
1 + t+ ix+ iy
XY
τI(A33)
1 + t
I

.
By Lemma 6.6 and Remark 6.7, Θ is q-positive if and only if the following maps Bt :
M3n(C)→M3(C) are completely positive for all t ≥ 0:
Bt(A) =

τI(A11)
1 + t
τ∗Y (A12)
1 + t+ iy
τX(A13)
1 + t− ix
τY (A21)
1 + t− iy
τI(A22)
1 + t
τXY (A23)
1 + t− ix− iy
τ∗X(A31)
1 + t+ ix
τ∗XY (A32)
1 + t+ ix+ iy
τI(A33)
1 + t

.
Let Z = (Zij) ∈M3(Mn(C)). We remark that if the matrix (Zji) is positive (the transposition
of the indices is not a mistake), then the map M3(Mn(C)) → M3(C) given by (Aij) 7→
(τZij(Aij)) is completely positive. For more details, see the discussion preceding Lemma 2.17
in [APP06]. Thus Bt is completely positive if
Mt =

1
1+tI
1
1+t−iyY
1
1+t+ixX
∗
1
1+t+iyY
∗ 1
1+tI
1
1+t+ix+iyY
∗X∗
1
1+t−ixX
1
1+t−ix−iyXY
1
1+tI

is a positive matrix. On the other hand, if
V =
Y 0 00 I 0
0 0 XY
 and Nt =

1
1+t
1
1+t−iy
1
1+t+ix
1
1+t+iy
1
1+t
1
1+t+ix+iy
1
1+t−ix
1
1+t−ix−iy
1
1+t
 ,
then Mt = V
∗ι(Nt)V (where ι is the natural inclusion defined in Lemma 6.6). Therefore, Mt
is positive if and only Nt is positive.
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To see that Nt is positive, let λ1 =
x−y
3 , λ2 =
x+2y
3 , and λ3 =
−2x−y
3 , and define σ :
M3(C)→M3(C) by
[σ(A)]jk =

ajk
1 + i(λj − λk)
if j < k
ajk if j = k
ajk
1− i(λj − λk)
if j > k
for all A ∈M3(C). We have that σ is q-positive by Theorem 6.11 of [Jan10b], so
0 ≤ σ(I + tσ)−1
 1 1 11 1 1
1 1 1
 = Nt.
This shows that Bt is completely positive for all t ≥ 0, so Θ is q-positive. Now observe that
Θ(I) = I, so by Proposition 2.21, the boundary weight double (Θ, ν) induces a unital CP-flow
β through the boundary weight map ω : B(C3n)∗ → A(C
3n ⊗ L2(0,∞)) below:
ω(ρ)(A) = ρ
 φ(Ων(A11)) γ{y,Y }(Ων(A12)) γ∗{x,X}(Ων(A13))γ∗{y,Y }(Ων(A21)) φ(Ων(A22)) γ∗{x+y,XY }(Ων(A23))
γ{x,X}(Ων(A31)) γ{x+y,XY }(Ων(A32)) φ(Ων(A33))
 .
By Theorem 6.1, each hyper-maximal q-corner from φ to φ is associated to a unique hyper-
maximal flow corner from α to α. Thus, each of the hyper-maximal q-corners γ{x,X}, γ{y,Y },
and γ{x+y,XY } is uniquely associated to its corresponding hyper-maximal flow corner from α
to α, which we denote by α{x,X}, α{y,Y }, and α{x+y,XY }. By Proposition 3.5, β is the positive
3× 3 matrix of flow corners (Definition 2.6) given by
β =
 α α{y,Y } α∗{x,X}α∗{y,Y } α α∗{x+y,XY }
α{x,X} α{x+y,XY } α
 .
By Theorem 2.8, β corresponds to a unique positive 3× 3 matrix C = (Cij) of contractive
local flow αd-cocycles. It follows from the form of β that
C(t) =
 I C{y,Y }(t) C{x,X}(t)∗C{y,Y }(t)∗ I C{x+y,XY }(t)∗
C{x,X}(t) C{x+y,XY }(t) I

for all t ≥ 0. Since C{x,X}(t) and C{y,Y }(t) are unitaries and C(t) is positive, it follows from
Lemma 6.8 that C{x+y,XY }(t) = C{x,X}(t)C{y,Y }(t) for all t ≥ 0. 
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